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ABSTRACT

We develop a set of frameworks for valuing Medicaid and apply them to welfare analysis of the Oregon
Health Insurance Experiment, a Medicaid expansion for low-income, uninsured adults that occurred
via random assignment. Our baseline estimates of Medicaid's welfare benefit to recipients per dollar
of government spending range from about $0.2 to $0.4, depending on the framework, with at least
two-fifths – and as much as four-fifths – of the value of Medicaid coming from a transfer component,
as opposed to its ability to move resources across states of the world. In addition, we estimate that
Medicaid generates a substantial transfer, of about $0.6 per dollar of government spending, to the providers
of implicit insurance for the low-income uninsured. The economic incidence of these transfers is critical
for assessing the social value of providing Medicaid to low-income adults relative to alternative redistributive
policies.
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'&2$ $(#&. #$( )* ?$2&, &2C( @%)((  !2 !$# /%)@% . ,)(#(= 4+&,+ 4$ ,)./ %$ #) )-% $(#&. #$( )*

#+$ 4$"* %$ 1$!$D#( #) ?$2&, &2 %$,&/&$!#(:

E"" )* )-% $(#&. #$( &!2&, #$  4$"* %$ 1$!$D# *%). ?$2&, &2 #) %$,&/&$!#( #+ # &( 1$")4 #+$

@)'$%!.$!#C( ,)(#( )* /%)'&2&!@ ?$2&, &2: 9/$,&D, ""5= 4$ $(#&. #$  4$"* %$ 1$!$D# #) %$,&/&$!#(

/$% 2)"" % )* @)'$%!.$!# (/$!2&!@ )*  1)-# $0.4 *%). #+$ ,)./"$#$0&!*)%. #&)!  //%) ,+  !2 *%).

#+$ ,)!(-./#&)!01 ($2 )/#&.&3 #&)!  //%) ,+ -(&!@  ,)!(-./#&)! /%)85=  !2  1)-# FG:H *%).

#+$ )#+$% #4) )/#&.&3 #&)!  //%) ,+$(: I+$ 2&J$%$!,$( &! 4$"* %$ $(#&. #$(  ,%)(( #+$  //%) ,+$(

/%&. %&"5 %$K$,#( 2&J$%$!# $(#&. #$( )* #+$ A/-%$0&!(-% !,$B ' "-$ )* ?$2&, &2 L&:$:= &#(  1&"&#5 #)

.)'$ %$()-%,$(  ,%)(( (# #$( )* #+$ 4)%"2M: >!  "" #+$  //%) ,+$(=  # "$ (# #4)0D*#+( N  !2  ( .-,+

 ( *)-%0D*#+( N )* #+$ ' "-$ )* ?$2&, &2 #) %$,&/&$!#( ,).$( *%).  /-%$ #% !(*$% ,)./)!$!#:

I+$($ D!2&!@( &!2&, #$ #+ # &* L,)-!#$%* ,#- ""5M ?$2&, &2 %$,&/&$!#( + 2 #) / 5 #+$ @)'$%!0

.$!#C(  '$% @$ ,)(# )* ?$2&, &2= #+$5 4)-"2 % #+$% 1$ -!&!(-%$2: O)#+ .)% " + 3 %2  !2 ,%)42

)-# )* &./"&,&# &!(-% !,$ . 5 %$2-,$ #+$ ' "-$ #) %$,&/&$!#( )* &!(-% !,$ 1$")4 &#( ,)(#(: >! )-%

($##&!@= 4$ D!2 (-1(# !#& " ?$2&, &2 ,%)42 )-# )* &./"&,&# &!(-% !,$: P$ $(#&. #$ #+ # #+$ ")40

&!,).$ -!&!(-%$2 / 5 )!"5  (. "" *% ,#&)! L 1)-# HG ,$!#( )! #+$ 2)"" %M )* #+$&% )4! .$2&, "

$8/$!($(< $8#$%! " / %#&$( / 5 #+$ %$. &!2$%: E(  %$(-"#= 4$ $(#&. #$ #+ #  (-1(# !#& " /)%#&)!

)* #+$ @)'$%!.$!#C( ?$2&, &2 (/$!2&!@ N  1)-# QG ,$!#( )! #+$ 2)"" % N %$/%$($!#(  #% !(*$% #)

#+$ /%)'&2$%( )* #+&( &./"&,&# &!(-% !,$= % #+$% #+ !  2&%$,# 1$!$D# *)% ?$2&, &2 %$,&/&$!#(: >* 4$

&!(#$ 2 ,)./ %$ ?$2&, &2 %$,&/&$!#(C ' "-$ )* ?$2&, &2 #) &#( !$# ,)(#( L&:$:= !$# )* #+$ #% !(*$%( #)

#+$ /%)'&2$%( )* &./"&,&# &!(-% !,$M= 4$ D!2 &# &(  1)'$ 1 *)% #+$ ,)./"$#$0&!*)%. #&)!  //%) ,+< &#

&( 0.9 *)% #+$ ,)!(-./#&)!01 ($2 )/#&.&3 #&)!  //%) ,+ -(&!@ #+$ ,)!(-./#&)! /%)85  !2 0.5 *)%

#+$ )#+$% #4)  //%) ,+$(: E % #&) 1$")4 R (-@@$(#( #+ # #+$ .)% " + 3 %2 ,)(#( )* ?$2&, &2 $8,$$2

#+$ &!(-% !,$ ' "-$ #) ?$2&, &2 %$,&/&$!#(= 4+&"$  % #&)  1)'$ R (-@@$(#( #+$ ,)!'$%($:

S&! ""5= 4$ $' "- #$ ?$2&, &2  (  %$2&(#%&1-#&'$ #))"= % #+$% #+ !  (  /)#$!#& " &!(#%-.$!# #)

,)%%$,#  . %T$# * &"-%$=  ( &! #+$ /%$,$2&!@ 2&(,-((&)!: I) 2) ()= 4$ ,)./ %$ ?$2&, &2 #) )#+$%

*)%.( )* %$2&(#%&1-#&)! N  "" )* 4+&,+  "() $!# &" ().$ %$()-%,$ ,)(# N  !2  "() ,)!(&2$% #+$ &!,&2$!,$

)* #+$ $8#$%! " #% !(*$%(: P$ ,)!(&2$% #+$ +5/)#+$#&, " /)"&,5 ,+)&,$ )* $"&.&! #&!@ ?$2&, &2 *)%

")40&!,).$  2-"#( )% . T&!@  1-2@$# %&"5 $U-&' "$!# %$2-,#&)! &! #+$ 7 %!$2 >!,).$ I 8 6%$2&#

L7>I6M: P$ D!2 #+ # (),&$#5C( /%$*$%$!,$ 1$#4$$! #+$($ #4) 2$/$!2( ,%&#&, ""5 )! #+$ &!,&2$!,$ )*

#+$ $0.6 /$% 2)"" % )* @)'$%!.$!# (/$!2&!@ #+ # ?$2&, &2 @$!$% #$( &! #% !(*$%( #) A$8#$%! " / %#&$(:B

S)% $8 ./"$=  ((-.&!@ #+ # 7>I6 %$,&/&$!#(  !2 ?$2&, &2 %$,&/&$!#( + '$ #+$ ( .$ (),& " 4$"* %$

4$&@+#(= 4$ D!2 #+ # (),&$#5 4)-"2 /%$*$% #) ,-# ?$2&, &2 ,)'$% @$ #+ ! #) . T$  1-2@$# %&"5

$U-&' "$!# ,-# &! #+$ 7>I6 &* #+$ &!,&2$!,$ )* #+$($ #% !(*$%( &( )! #+$ -//$% %$@&)!( )* #+$ &!,).$

2&(#%&1-#&)!< +)4$'$%= &* 4$  ((-.$ #+ # #+$ &!,&2$!,$ )* #+$($ A$8#$%! "B #% !(*$%( &( )! ?$2&, &2

V



 !"#$#!%&' &(!)'!*+!', &(!% '-"#!&. /-0*1 2!  -03(*. #%1#4! !%& 2!&/!!% &(! &/- 5- '*#3(&*. $ !6! 

"0&&#%3 &(! 789:;< =0"( #%1!&! )#%>". (#3(*#3(&' &(! #)$- &>%"! -6 60&0 ! /- ? !@>)#%#%3 &(!

#%"#1!%"! -6 A!1#">#1B' !@&! %>* & >%'6! '<

C-/ '! #-0'*. '(-0*1 -0 !)$# #">* /!*6> ! !'&#)>&!' 2! &>?!%D E>&0 >**., >** -6 -0 F0>%&#&>&#+!

 !'0*&' > ! '!%'#&#+! &- &(! 6 >)!/- ? 0'!1 >%1 &- -0 '$!"#G" #)$*!)!%&>&#-% >''0)$&#-%'< H!

&(! !6- ! !@$*- ! &(! '!%'#&#+#&. -6 -0 2>'!*#%! !'&#)>&!' &- > +> #!&. -6 >*&! %>&#+! I !>'-%>2*!J

>''0)$&#-%', /(#"( $ -10"!' !'&#)>&!' -6 &(! /!*6> ! 2!%!G&' &-  !"#$#!%&' $! 1-**> -6 3-+! %)!%&

'$!%1#%3  >%3#%3 6 -) >2-0& KL<MN &- KL<ON< H! 1#'"0'' /(#"( )-1!*#%3 >''0)$&#-%', 6!>&0 !' -6

&(! 1>&>, >%1 $> >)!&! ">*#2 >&#-%' > ! F0>%&#&>&#+!*. )-'& #)$- &>%& 6- &(!  !'0*&'<

H! *!>+! #& &- &(!  !>1! ' &- )>?! 0$ &(!# -/% )#%1' >2-0& &(! " !1#2#*#&. -6 &(! /!*6> !

!'&#)>&!'< P%! &(#%3 &(>& '!!)' (> 1 &- 1#'>3 !! /#&( #' &(>& '-)! >&&!)$& Q - "-)2#%>&#-% -6

>&&!)$&' Q >**-/' 6- > )- ! #%6- )!1 $-'&! #- -6 &(! +>*0! -6 A!1#">#1 &-  !"#$#!%&' &(>% &(!

#)$*#"#& 1!6>0*& -6 & !>&#%3 &(! +>*0! -6 A!1#">#1 >& R! - - '#)$*. >& "-'&, /(#"( -""0 ' #% '-

)0"( !@#'&#%3 /- ?< S*&(-03( /! 6-"0' -% &(! '$!"#G" "-%&!@& -6 &(! +>*0! -6 A!1#">#1 #% &(!

P !3-% C!>*&( 8%'0 >%"! 7@$! #)!%&, &(! 6 >)!/- ?' /! 1!+!*-$ ">% 2!  !>1#*. >$$*#!1 &- /!*6> !

>%>*.'#' -6 -&(! $02*#" (!>*&( #%'0 >%"! $ -3 >)', '0"( >' A!1#">#1 "-+! >3! 6- -&(! $-$0*>&#-%'

- A!1#"> ! "-+! >3!< A- ! 3!%! >**., &(! 2>'#" "(>**!%3!' >%1 & >1!-4' /! 1!'" #2! )>. >*'- 2!

-6 0'! 6- /!*6> ! >%>*.'#' -6 -&(! '-"#>* #%'0 >%"! $ -3 >)' #% '!&&#%3' /(! ! #%1#+#10>*' 1- %-&

 !+!>* &(!# /#**#%3%!'' &- $>. &( -03( !@T>%&! "(-#"!'<

9(!  !'& -6 &(! $>$! $ -"!!1' >' 6-**-/'< =!"&#-% U 1!+!*-$' &(! &/- &(!- !&#">* 6 >)!/- ?'

6- /!*6> ! >%>*.'#'< =!"&#-% V 1!'" #2!' (-/ /! #)$*!)!%& &(!'! 6 >)!/- ?' 6- /!*6> ! >%>*.'#'

-6 &(! #)$>"& -6 &(! A!1#">#1 !@$>%'#-% &(>& -""0  !1 +#> *-&&! . #% P !3-%< =!"&#-% W $ !'!%&'

&(!  !'0*&' -6 &(>& /!*6> ! >%>*.'#'< =!"&#-% N $ -+#1!' '!+! >* 2!%"()> ?' 6- #%&! $ !&#%3 &(!'!

/!*6> ! !'&#)>&!'< 9(! *>'& '!"&#-% "-%"*01!'<

 !"#$%&'"() *'" +%,*#"% -.#,/)0)

8%1#+#10>* /!*6> ! #' 1! #+!1 6 -) &(! "-%'0)$&#-% -6 %-%T)!1#">* 3--1' >%1 '! +#"!', c, >%1 6 -)

(!>*&(, h, >""- 1#%3 &- &(! 0&#*#&. 60%"&#-%:

u = u (c, h) . 5M;

H! >''0)! (!>*&( #' $ -10"!1 >""- 1#%3 &-X

h = h̃ (m; θ) , 5U;

/(! ! m 1!%-&!' &(! "-%'0)$&#-% -6 )!1#">* "> ! >%1 θ #' >% 0%1! *.#%3 '&>&! +> #>2*! 6- &(!

#%1#+#10>* /(#"( #%"*01!', >)-%3 -&(! &(#%3', )!1#">* "-%1#&#-%' >%1 -&(! 6>"&- ' >4!"&#%3 (!>*&(,

>%1 &(! $ -10"&#+#&. -6 )!1#">* '$!%1#%3< H! %- )>*#R! &(!  !'-0 "! "-'&' -6 m >%1 c &- 0%#&. '-

&(>& m  !$ !'!%&' &(! & 0!  !'-0 "! "-'& -6 )!1#">* "> !< Y- &(! '>?! -6 2 !+#&., /! /#**  !6! &- m

N



 ! "#$%&' ( !)$*%&*+,  *% c  ! "'-*!.#)/&-*0,

1$ '-*%.'/ -.2 3$(4 2$  * (5!&!  !!.#&*+ /6 / $7$25 )-/$*/& ( 8$%&' &% 2$'&)&$*/ 4 '$! /6$

! #$ %&!/2&9./&-* -4 θ0 :-*'$)/. ((5; 3$ /6&*< -4 -.2 3$(4 2$  * (5!&!  ! '-*%.'/$% 42-# 9$6&*%

/6$ 7$&( -4 &+*-2 *'$0 =#)&2&' ((5; 3$ 3&(( .!$ /6$ '2-!! !$'/&-* ( %&!/2&9./&-* -4 -./'-#$!  '2-!!

&*%&7&%. (! /- ' )/.2$ /6$ %&>$2$*/ )-/$*/& ( !/ /$! -4 /6$ 3-2(%; θ.

1$ %$*-/$ /6$ )2$!$*'$ -4 8$%&' &% 95 /6$ 7 2& 9($ q; 3&/6 q = 1 &*%&' /&*+ /6 / /6$ &*%&7&%. ( &!

'-7$2$% 95 8$%&' &% ?"&*!.2$%,@  *% q = 0 %$*-/&*+ *-/ 9$&*+ '-7$2$% 95 8$%&' &% ?".*&*!.2$%,@0

:-*!.#)/&-*; #$%&' ( !)$*%&*+;  *% 6$ (/6 -./'-#$! %$)$*% 9-/6 -* 8$%&' &% !/ /.!; q;  *%

/6$ .*%$2(5&*+ !/ /$ -4 /6$ 3-2(%; θA /6&! %$)$*%$*'$ &! %$*-/$% 95 c(q; θ); m(q; θ)  *% h(q; θ) ≡

h̃(m(q; θ); θ); 2$!)$'/&7$(50 

 !" #$%&'()(*+,-$.%/)+$, /&&.$/01

B6$ '-#)($/$C&*4-2# /&-*  ))2- '6 /- $#)&2&' ( 3$(4 2$  * (5!&!  !!.#$! 3$ -9!$27$ /6$  2+.#$*/!

-4 /6$ ./&(&/5 4.*'/&-* 9-/6 3&/6 &*!.2 *'$  *% 3&/6-./ &*!.2 *'$0 D/ &! /6$* !/2 &+6/4-23 2% /-

%$E*$ /6$ 3$(4 2$ &#) '/ 4-2 8$%&' &% 2$'&)&$*/! γ (1);  ! /6$ &#)(&'&/ !-(./&-* /-F

E [u (c (0; θ) , h (0; θ))] = E [u (c (1; θ)− γ(1), h (1; θ))] , ?G@

36$2$ /6$ $H)$'/ /&-*!  2$ / <$* 3&/6 2$!)$'/ /- /6$ )-!!&9($ !/ /$! -4 /6$ 3-2(%; θ0 B6.!; γ(1) &!

/6$  #-.*/ -4 '-*!.#)/&-* /6 / /6$ &*%&7&%. ( 3-.(% *$$% /- +&7$ .) &* /6$ 3-2(% 3&/6 8$%&' &%

/6 / 3-.(% ($ 7$ 6$2  / /6$ ! #$ ($7$( -4 $H)$'/$% ./&(&/5  ! &* /6$ 3-2(% 3&/6-./ 8$%&' &%0

!

I)$'&E' ((5; γ(1) < G &#)(&$! /6 / &4 +&7$*  '6-&'$ 9$/3$$* (-!&*+ 8$%&' &%  *% 6 7&*+ /- +&7$ .)

G &* '-*!.#)/&-*; /6$ &*!.2$% 3-.(% '6--!$ /- +&7$ .) 8$%&' &%A (&<$3&!$;  * .*&*!.2$% )$2!-*

3-.(% '6--!$ /6$ !/ /.! J.- -7$2 +&7&*+ .) G &* '-*!.#)/&-* /- -9/ &* 8$%&' &%0 K-3$7$2;

γ(1) < G %-$! *-/  *!3$2 /6$ J.$!/&-* -4 36$/6$2  * .*&*!.2$% )$2!-* 3-.(% )2$4$2 2$'$&7&*+

8$%&' &% /- 2$'$&7&*+ G &*  %%&/&-* ( '-*!.#)/&-* -2; $J.&7 ($*/(5; 36$/6$2  * &*!.2$% )$2!-*

3-.(% 9$ 3&((&*+ /- +&7$ .) 8$%&' &% &* $H'6 *+$ 4-2  '-*!.#)/&-* &*'2$ !$ -4 G0

"

=!/&# /&-* -4 $J. /&-* ?G@ 2$J.&2$! /6 / 3$ !)$'&45 /6$ *-2# /&7$ ./&(&/5 4.*'/&-* -7$2  (( &/!

 2+.#$*/!0 1$  !!.#$ /6 / /6$ ./&(&/5 4.*'/&-* / <$! /6$ 4-((-3&*+ 4-2#F

 !!"#$%&'( )*  !"" !#$"$#% &'()$*)+#$,- .,/ #0( ),1'"(#(2$-.,/1+#$,- +''/,+)03

 

 ! "##$%! &'"& q "(!)&# '!"*&' +,*- &'.+$/' 0&# !(!)& +, %!10)"* #2!,10,/3 4'0# .$*!# +$& ", 0%2")& +5 0,#$.",)!6
q6 +, ,+,7%!10)"* '!"*&' 0,8!#&%!,&# "# 0, 9'.*0)' ",1 :!);!. <=>?@A B@CD3

!

E+&! &'"& γ<=A 0# %!"#$.!1 0, &!.%# +5 )+,#$%2&0+, ."&'!. &'", 0,)+%!6 ",1 0# &'!.!5+.! ,+& ,!)!##".0*- 0,&!.7
2.!&"F*! "# GH0**0,/,!## &+ 2"-I3 J+H!8!.6 05 H! "##$%! <"A 0,10801$"* +2&0%0K"&0+, ",1 <FA ", 0,)+%! !*"#&0)0&- +5

1!%",1 5+. h +5 K!.+ H'!, 0,10801$"*# 5")! " K!.+ 2.0)! 5+. %!10)"* )".! <"# 0# &'! )"#! "& q = 1 0, +$. F"#!*0,!
#2!)0L)"&0+,A6 &'!, γ (1) 0# 0,&!.2.!&"F*! "# GH0**0,/,!## &+ 2"-I3 M2!)0L)"**-6 γ (1) )+..!#2+,1# &+ &'! )+%2!,#"&0,/
8".0"&0+, 5+. /"0,0,/ N!10)"01 5.+% &'! 2!.#2!)&08! +5 &'! $,0,#$.!1 ",1 &'! !O$08"*!,& 8".0"&0+, 5+. *+#0,/ N!10)"01

5.+% &'! 2!.#2!)&08! +5 &'! 0,#$.!13 :!)"$#! +5 &'! H!**7;,+H, &.",#0&080&- 2.+2!.&- +5 !O$08"*!,& 8".0"&0+,6 0& )",

&'!, F! )+%2".!1 &+ +&'!. 2+*0)0!# &"./!&!1 &+ &'! 0,#$.!13

"

P# H! 10#)$## 0, M!)&0+, Q3@ F!*+H6 H! H+$*1 .!O$0.! "110&0+,"* 0,5+.%"&0+, +. "##$%2&0+,# &+ ",#H!. &'!#!

"*&!.,"&08! O$!#&0+,#3

L



 !" #$%&%$' (#)*$%+) !,- $!" (+&&+.%)/ (+012

u(c, h) =
c1−σ

1− σ
+ φ̃h,

.!"0" σ 3")+$"- $!" *+"4*%")$ +( 0"&,$%5" 0%-6 ,5"0-%+) ,)3 φ = φ̃/E[c−σ] 3")+$"- $!" 1,0/%),&

5,&#" +( !",&$! %) #)%$- +( *+)-#17$%+)8

 !"#"!$ %&' !() &**"!"+, -)./)0,0!'1 & '!&0*&2* 3445 670-!")0 "0 -)0'7./!")0 c ("!% &

-),8-",0! )6 2,#&!"+, 2"'9 &+,2'")0 )6 σ: &0* & #"0,&2 !,2. "0 h;

<"!% !%"' &''7./!")0: ,=7&!")0 >?@ A,-).,': 6)2 q = 11

E

[

c (0; θ)1−σ

1− σ
+ φ̃h (0; θ)

]

= E

[

(c (1; θ)− γ(1))1−σ

1− σ
+ φ̃h (1; θ)

]

. >B@

<, 7', ,=7&!")0 >B@ !) ')#+, 6)2 γ(1); C%"' 2,=7"2,' )A',2+"0D !%, *"'!2"A7!")0' )6 -)0'7./!")0

&0* .,&0 %,&#!% )7!-).,' !%&! )--72 "6 !%, "0*"+"*7&# (,2, )0 E,*"-&"* >c (1; θ) &0* h (1; θ)@ &0*

"6 %, (,2, 0)! >c (0; θ) &0* h (0; θ)@; F0, )6 !%,', "' 0&!72&##$ -)70!,26&-!7&#; <, &2, !%,2,6)2, "0

!%, 6&."#"&2 !,22"!)2$ )6 ,'!".&!"0D !%, *"'!2"A7!")0 )6 G/)!,0!"&# )7!-).,'H 70*,2 !2,&!.,0! &0*

-)0!2)# >,;D;: 50D2"'! &0* I"'-%9, >JKKL@ MJN@;

 

 ! "#$%&%'($%)* (##+)(,-./

<, -&0 2,*7-, !%, "./#,.,0!&!")0 2,=7"2,.,0!' )6 !%, -)./#,!,O"06)2.&!")0 &//2)&-% !%2)7D%

&**"!")0&# &''7./!")0'; P/,-"Q-&##$: (, &''7., !%&! E,*"-&"* )0#$ &R,-!' "0*"+"*7&#' !%2)7D%

"!' "./&-! )0 !%,"2 A7*D,! -)0'!2&"0!: &0* (, &''7., "0*"+"*7&# )/!"."S"0D A,%&+")2; C%,', !()

&''7./!")0' &##)( 7' !) 2,/#&-, !%, 67## '/,-"Q-&!")0 )6 !%, 7!"#"!$ 670-!")0 >5''7./!")0 T@ A$ &

/&2!"&# '/,-"Q-&!")0 )6 !%, 7!"#"!$ 670-!")0;

 !!"#$%&'( )* 9:0+/0,1 -$0#*$#0"; <" 1+3"& $!" ="3%*,%3 70+/0,1 q ,- ,>"*$%)/ $!" %)3%5%3#,&

-+&"&' $!0+#/! %$- %17,*$ +) $!" +#$?+(?7+*6"$ 70%*" (+0 1"3%*,& *,0" p(q).

U./)2!&0!#$: !%"' &''7./!")0 27#,' )7! )!%,2 (&$' "0 (%"-% E,*"-&"* ."D%! &R,-! c )2 h: '7-%

&' !%2)7D% *"2,-! ,R,-!' )0 /2)+"*,2 A,%&+")2 >,;D;: &0 ,R,-! )6 E,*"-&"* )0 & /2)+"*,2V' ("##"0D0,''

!) !2,&! & /&!",0! )2 %)( !%, /2)+"*,2 !2,&!' !%&! /&!",0!@;

W)2 "./#,.,0!&!")0 /72/)',': (, &''7., !%, )7!O)6O/)-9,! /2"-, )6 .,*"-&# -&2, p(q) "' -)0'!&0!

"0m &#!%)7D%: "0 /2"0-"/#,: )0, -)7#* ,X!,0* !%, &0&#$'"' A$ &##)("0D 6)2 & 0)0#"0,&2 /2"-, '-%,*7#,;

 

 !" #$"%&'!($" )#*'&+'$%&,- ,. %/* !%&(&%0 .!-'%&,- $1*'%) %/* )*% ,. #,%*-%&$( ,!%',2*) 3* -**4 %, *)%&2$%*5 6/*

$44&%&7&%0 ,. !%&(&%0 .",2 ',-)!2#%&,- $-4 /*$(%/ $((,3) !) %, *)%&2$%* %/* 2$"8&-$( ',-)!2#%&,- $-4 2$"8&-$( /*$(%/

4&)%"&9!%&,-) !-4*" *$'/ &-)!"$-'* )%$%!): 3&%/ ',2#(*2*-%$"&%&*); )!'/ $) *)%&2$%*4 &- <&-=*()%*&- *% $(5 >?@ABC D?BE;

3* 3,!(4 -**4 %, *)%&2$%* %/* '$!)$( *1*'% ,. &-)!"$-'* ,- F,&-% 4&)%"&9!%&,-)5 6/* (&-*$"&%0 $))!2#%&,- &- h $((,3)
!) %, "*)%"&'% ,!" /*$(%/ *)%&2$%&,- %, $7*"$8* /*$(%/ !-4*" *$'/ &-)!"$-'* )%$%!)5 G*'$!)* 3* $((,3 .," '!"7$%!"* &-

!%&(&%0 ,7*" ',-)!2#%&,- H %, "*I*'% %/* .$'% %/$% &-4&7&4!$() $"* "&)= $7*")* H 3* 2!)% *)%&2$%* %/* 4&)%"&9!%&,- ,.

',-)!2#%&,- !-4*" *$'/ &-)!"$-'* )%$%!)5

Y



 ! "!#$%! $&%'$(')$*+!% ,)!#"-#. $# /!"-*01 *02! 345

x(q,m) ≡ p(q)m. 678

 ! 011$9 ($2 -/)1-*-% -#,&20#*! ($2 %:! &#-#,&2!" 34 #$% 2!;&-2-#. %:0% %:$,! 9-%:$&% <!"-*0-" )04

011 %:!-2 /!"-*01 !=)!#,!, $&% $( )$*+!% 6->!>? 9! "$ #$% -/)$,! %:0% p(0) = 18>

 !!"#$%&'( )*  !"#$#"%&'( )*++(, - &!" ) +./#-&''01 (%23,)/ /+ /*,#4 2%"5,/ )+!(/4&#!/6

 !"#$#"%&'( (+'$,7

max
c,m

u
(

c, h̃ (m; θ)
)

(%23,)/ /+ c = y (θ)− x (q,m) ∀m, q, θ.

 ! 1!% y(θ) "!#$%! 6)$%!#%-0114 ,%0%!'*$#%-#.!#%8 2!,$&2*!,>

@:! 0,,&/)%-$# %:0% %:! *:$-*!, $( c 0#" m 02! -#"-A-"&0114 $)%-/01 -, 0 #$#%2-A-01 0,,&/)%-$#

-# %:! *$#%!=% $( :!01%: *02! 9:!2! "!*-,-$#, 02! $(%!# %0+!# B$-#%14 9-%: $%:!2 0.!#%, 6!>.>? "$*%$2,8

9:$ /04 :0A! "-C!2!#% $3B!*%-A!, 6D22$9 6EFGH8IHJ8 0#" 9:!2! %:! *$/)1!= #0%&2! $( %:! "!*-,-$#

)2$31!/ /04 .!#!20%! -#"-A-"&0114 ,&3$)%-/01 "!*-,-$#, 6K0-*+!2? <&110-#0%:0#? 0#" L*:902%M,%!-#

6($2%:*$/-#.8I7J8>

+,'"-,% ./$.0&#.(%1 #20-&(23 ./$2(!&'( &( 4.5&62&5

@$ /0+! (&2%:!2 )2$.2!,, A01&-#. <!"-*0-" N 0#" %$ -#A$+! %:! !#A!1$)! %:!$2!/? 9:-*: 0))1-!,

.-A!# D,,&/)%-$# H N -% -, &,!(&1 %$ *$#,-"!2 %:! %:$&.:% !=)!2-/!#% $( 0 O/02.-#01P !=)0#,-$# -#

<!"-*0-" 0#" %:&, *$#,-"!2 q ∈ [0, 1]> Q# %:-, %:$&.:% !=)!2-/!#%? q -#"!=!, 0 1-#!02 *$-#,&20#*!

%!2/ 3!%9!!# #$ <!"-*0-" (q = 0) 0#" O(&11P <!"-*0-" (q = 1)? ,$ %:0% 9! *0# "!R#! p(q) ≡

qp(1) + (1− q)p(0). $&%'$(')$*+!% ,)!#"-#. -# !;&0%-$# 678 -, #$95

x(q,m) = qp(1)m+ (1− q)p(0)m. 6G8

D /02.-#01 !=)0#,-$# $( <!"-*0-" 6->!>? 0 /02.-#01 -#*2!0,! -# q8? 2!10=!, %:! -#"-A-"&01S, 3&".!%

*$#,%20-#% 34 −∂x
∂q 5

−
∂x(q,m(q; θ))

∂q
= (p(0)− p(1))m(q; θ). 6T8

@:! /02.-#01 2!10=0%-$# $( %:! 3&".!% *$#,%20-#% -, %:&, %:! /02.-#01 2!"&*%-$# -# $&%'$(')$*+!%

,)!#"-#. 0% %:! *&22!#% 1!A!1 $( m> Q% %:!2!($2! "!)!#", $# /!"-*01 ,)!#"-#. 0% q? m(q; θ)? 0#"

%:! )2-*! 2!"&*%-$# (2$/ /$A-#. (2$/ #$ -#,&20#*! %$ <!"-*0-"? (p(0) − p(1))> U$%! %:0% −∂x
∂q

-, 0 )2$.20/ )020/!%!2 %:0% :$1", 3!:0A-$2 *$#,%0#% 6->!>? -% -, *01*&10%!" 0, 0 )02%-01 "!2-A0%-A!?

:$1"-#. m *$#,%0#%8>

 ! "!R#! γ(q) N -# )02011!1 (0,:-$# %$ γ(1) -# !;&0%-$# 6H8 N 0, %:! 0/$&#% $( *$#,&/)%-$# %:!

-#"-A-"&01 9$&1" #!!" %$ .-A! &) -# 0 9$21" 9-%: q -#,&20#*! %:0% 9$&1" 1!0A! :!2 0% %:! ,0/! 1!A!1

V



 ! "#$"%&"' (&)*)&+ ,- .)&/ q = 00

E [u (c (0; θ) , h (0; θ))] = E [u (c (q; θ)− γ(q), h (q; θ))] . 123

 ! !" #$%&'()*+$%,-.&/0 $)*+(+1.*+$% .))2$.34

4! )5')6)'(,*- %/  -" c ,5' m &  $&)7)8" &/")9 (&)*)&+ !(5%&) 5 -(:;"%& & &/")9 :('<"& % 5-&9,)5&

1=--(7$&) 5- > ,5' ?3@ &/" 7,9<)5,* ."*!,9" )7$,%&  ! )5-(9,5%"  5 9"%)$)"5&-

dγ
dq ! ** .- !9 7

,$$*+)5< &/" "56"* $" &/" 9"7 & "A(,&) 5 1230

dγ

dq
= E

[
uc

E [uc]
((p(0)− p(1))m(q; θ))

]

, 1B3

./"9" uc'"5 &"- &/" $,9&),* '"9)6,&)6"  ! (&)*)&+ .)&/ 9"-$"%& & % 5-(7$&) 5C =$$"5')# =CD $9 E

6)'"- &/" '"9)6,&) 5C F(" & &/" "56"* $" &/" 9"7@ &/"  $&)7)8,&) 5 ,$$9 ,%/"- ' 5 & 9"A()9" (-

& "-&)7,&" / . &/" )5')6)'(,* ,** %,&"- &/" 7,9<)5,* 9"*,#,&) 5  ! &/" :('<"& % 5-&9,)5& :"&.""5

)5%9",-"' % 5-(7$&) 5 ,5' /",*&/C 45&()&)6"*+@ :"%,(-" &/" )5')6)'(,* %/  -"- % 5-(7$&) 5 ,5'

/",*&/  $&)7,**+ 1=--(7$&) 5 ?3@ , 7,9<)5,* 9",** %,&) 5 :"&.""5 % 5-(7$&) 5 ,5' /",*&/ /,- 5 

G9-&E 9'"9 "H"%&  5 &/" )5')6)'(,*I- ."*!,9"C

J/" 9"$9"-"5&,&) 5 )5 "A(,&) 5 1B3@ ./)%/ ." %,** &/"  !"#$%&'()"#*+,$-. "'()&)/,()"# ,'*

'0",!1@K (-"- &/" 7,9<)5,* (&)*)&+  ! % 5-(7$&) 5 & $*,%" , 6,*("  5 &/" 9"*,#,&) 5  ! &/" :('<"&

% 5-&9,)5& )5 ",%/ -&,&"  ! &/" . 9*'C 45 $,9&)%(*,9@

uc

E[uc]
7",-(9"- &/" 6,*("  ! 7 5"+ )5 &/"

%(99"5& -&,&"  ! &/" . 9*' 9"*,&)6" & )&- ,6"9,<" 6,*("@ ,5' ((p(0)− p(1))m(q; θ)) 7",-(9"- / .

7(%/ , 7,9<)5,* "#$,5-) 5 )5 LM"')%,)'K 9"*,#"- &/" )5')6)'(,*I- :('<"& % 5-&9,)5& )5 &/" %(99"5&

-&,&"  ! &/" . 9*'C = 7,9<)5,* )5%9",-" )5 M"')%,)' :"5"G&- '"*)6"9- <9",&"9 6,*(" )! )& 7 6"- 7 9"

9"- (9%"- )5& -&,&"-  ! &/" . 9*'@ θ@ .)&/ , /)</"9 7,9<)5,* (&)*)&+  ! % 5-(7$&) 5 1"C<C@ -&,&"-  !

&/" . 9*' .)&/ *,9<"9 7"')%,* :)**-@ ,5' &/(- * ."9 % 5-(7$&) 53C =- ." ')-%(-- )5 =$$"5')# =CD@

5 &/)5< )5 &/)- ,$$9 ,%/ $9"%*('"- )5')6)'(,*- !9 7 :")5< ,& , % 95"9 .)&/ 9"-$"%& & &/")9 %/ )%"

 ! 7"')%,* -$"5')5<C

 

N" %,5 '"% 7$ -" &/" 7,9<)5,* 6,*("  ! M"')%,)' & 9"%)$)"5&- )5 "A(,&) 5 1B3 )5& , &9,5-!"9

&"97 ,5' , $(9"E)5-(9,5%" &"97C O7$)9)%,* )7$*"7"5&,&) 5 .)** :" :,-"'  5 "-&)7,&)5< ",%/ &"97

-"$,9,&"*+C J/" '"% 7$ -)&) 5 )-0

dγ (q)

dq
= (p(0)− p(1))E [m(q; θ)]

︸ ︷︷ ︸

J9,5-!"9 J"97

+Cov

[
uc

E [uc]
, (p(0)− p(1))m(q; θ)

]

.

︸ ︷︷ ︸

P(9"E45-(9,5%" J"97

1% 5-(7$&) 5 6,*(,&) 53

1DQ3

J/" &9,5-!"9 &"97 7",-(9"- &/" 9"%)$)"5&-I 6,*(,&) 5  ! &/" "#$"%&"' &9,5-!"9  ! 9"- (9%"- !9 7

 

 !"#$"$%&'() *! $!+$%$+#*' %*'#&, "-& .&/-*!$/*' $!/0&*,& $! /1!,#.2"$1! 301. 4&+$/*$+ *//10+$!5 "1 "-& .*05$!*'

#"$'$"( 13 /1!,#.2"$1!) 0&5*0+'&,, 13 "-& &6"&!" "1 7-$/- -& 10 ,-& -*, 12"$1!, "1 ,#8,"$"#"& $!/0&*,&, $! 1"-&0 511+,)

,#/- *, -&*'"-) 310 "-$, $!/0&*,&9

B



 !" #"$ %&  !" "'%(%)*  %  !")+ ,!" -./#"01($/#2('"3  "#) )"2$/#"$  !" 4"("5 %& #"266%'2 1(7

#"$%/#'"$ 81+"+9 #"62:1(7  !" #"'1.1"( ;$ 4/<7" '%($ #21( = 2'#%$$ <1>"#"( $ 2 "$ %&  !" ?%#6<9 θ+ !

,!" )%@")"( %&  !"$" #"$%/#'"$ 1$ @26/"< /$1(7  !" )2#71(26 / 161 * %& '%($/). 1%( 1( "2'! $ 2 "+

A" 2##1@" 2 2 (%(0)2#71(26 "$ 1)2 " %&  !"  % 26 ?"6&2#" 1).2' %& B"<1'21<9 γ(1)9 4* 1( "7#2 0

1(7 ?1 ! #"$."'  % qC

γ (1) =

ˆ 1

0

dγ (q)

dq
dq

= (p(0)− p(1))

ˆ 1

0
E[m (q; θ)]dq

︸ ︷︷ ︸

,#2($&"# ,"#)

+

ˆ 1

0
Cov

(
uc

E[uc]
, (p(0)− p(1))m(q; θ)

)

dq

︸ ︷︷ ︸

D/#"0E($/#2('" ,"#)

8'%($/). 1%( @26/2 1%(=

8FF=

?!1'! &%66%?$ &#%)  !" &2'  !2 γ (0) = 09 4* <"5(1 1%(+ G17/#" F 166/$ #2 "$  !1$ '%('". /26 1( "7#26

'%)./ 2 1%(9 ?1 !  !" $%61< 61(" #".#"$"( 1(7

dγ
dq (q)9 2(< γ(1) 4"1(7  !" 2#"2 /(<"#  !2 '/#@"+

 !"#$!$%&'&()%

*+,$-(%.+,'%/$ &$,!0 H@26/2 1%( %&  !" ./#"01($/#2('"  "#) 1( "I/2 1%( 8FJ= #"I/1#"$  !2 ?"

$."'1&*  !" / 161 * &/(' 1%( %@"#  !" '%($/). 1%( 2#7/)"( + A" 2$$/)"  !" / 161 * &/(' 1%(  2K"$

 !" &%66%?1(7 &%#)C

1..+!"&()% 20  !"#$!% &#$%$#' ()*+$,+!#$-. /-" #0* +-.(&1)#$-.23!(*4 -)#$1$5!#$-. !))"-!+06

70* &#$%$#' /&.+#$-. #!8*( #0* /-%%-9$.: /-"1;

u(c, h) =
c1−σ

1− σ
+ v(h)

90*"* σ 4*.-#*( #0* +-*<+$*.# -/ "*%!#$=* "$(8 !=*"($-. !.4 v(.) $( #0* (&3&#$%$#' /&.+#$-. /-" 0*!%#0>

90$+0 +!. 3* %*/# &.()*+$,*46

A1 !  !1$ 2$$/). 1%(9  !" ./#"01($/#2('"  "#) 1( "I/2 1%( 8FJ= '2( 4" #"0?#1  "( 2$C

Cov

(
c (q; θ)−σ

E[c (q; θ)−σ]
, (p(0)− p(1))m(q; θ)

)

. 8FL=

 %&$,")#'&()%0 A" '2( /$"  !" 24%@" "I/2 1%($  % '26'/62 "  !" )2#71(26 @26/" %&  !" 5#$ 2(<

62$ /(1 $ %& 1($/#2('" 8

dγ(0)
dq 2(<

dγ(1)
dq #"$."' 1@"6*=+ M%?"@"#9 ?" <% (% %4$"#@" q ∈ (0, 1) 2(<

 !"#"&%#" <% (% %4$"#@" m &%#  !"$" 1( "#)"<12 " @26/"$+ B%#"%@"#9 ?1 ! %(6* 2 .2# 126 $."'15'2 1%(

%&  !" / 161 * &/(' 1%(9 ?" '2((% <"#1@" !%? 2( %. 1)1N1(7 1(<1@1</26 ?%/6< @2#* m &%# (%(0

%4$"#@"< @26/"$ %& q+ ,!"#"&%#"9 ?" #"I/1#" 2( 2<<1 1%(26 2$$/). 1%(  % %4 21( 2( "$ 1)2 " %& γ(1)

 !

 !"# "# $%$&'(')# *' +',"%( -.#')-/.# $/-'## 0.'0&. "% *!. '0*"+$& *$1 2'-+)&$#3 4!.-. *!. 4.&2$-. "+0$/* '2

"%/-.$#"%( *!. +$-("%$& *$1 -$*. '% .$-%"%(# 5%$%/.6 78 $ 6./-.$#. "% *!. "%*.-/.0* '2 *!. *$1 #/!.6)&. "# (",.% 78

*!. /',$-"$%/. 7.*4..% .$-%"%(# $%6 *!. #'/"$& +$-("%$& )*"&"*8 '2 /'%#)+0*"'% 9#..3 .:(:3 ;"<.**8 $%6 =$.> 9?@ABCDE@F

.G)$*"'% 9BCC:

FJ



 ! "#$ %&" ' ()" %! )&&*%)+#$,- .%* %/* 0),$1 !$  '&1$'$!")" %!2 3$ ')4$ "#$ 5%11%3 !6 ,")" ," +)1

),,/'&" %! 73$ $8&1%*$ ,$!, " 9 ": "% %"#$* )&&*%)+#$, 0$1%3;<

 !!"#$%&'( )*  !"#$%& '((&)*"+%,")#- ./$ "#,$0&%1 $*(&$22")# 3)& γ (1) "# $45%,")# 7==; "2 6$11

%((&)*"+%,$7 89:

γ (1) ≈
1

2

[
dγ (0)

dq
+

dγ (1)

dq

]

.

>,,/'&" %! ? )11%3, /, "% /,$ $," ')"$, %5

dγ
dq (0) )!@

dγ
dq (1) "% 5%*' $," ')"$, %5 γ (1)- A# ,

)&&*%8 ')" %!  ,  11/,"*)"$@ 0: "#$ @),#$@ 1 !$  ! . 6/*$ =-

+,-(!./, %/,#* B9)1/)" %! %5 "#$ "*)!,5$* "$*'  ! $C/)" %! 7=D; @%$, !%" *$C/ *$ )!: ),,/'&" %!,

)0%/" "#$ /" 1 ": 5/!+" %!- E%3$9$*2  !"$6*)" %!  ! $C/)" %! 7==; "% %0") ! )! $," ')"$ %5 "#$

"*)!,5$* "$*' *$C/ *$, "#)" 3$ 4!%3 "#$ &)"# %5 m (q; θ) 5%*  !"$* %* 9)1/$, %5 q2 3# +# 3 11 !%" 0$

@ *$+"1: %0,$*9$@- F$ 3 11 "#$*$5%*$ /,$ "#$ )0%9$ >,,/'&" %! ? "%  !"$6*)"$ 0$"3$$! %/* $," ')"$

%5 "#$ "*)!,5$* "$*' )" q = 0 )!@ )" q = 1.

F$ +)! %0") ! 1%3$* )!@ /&&$* 0%/!@, 5%* "#$ "*)!,5$* "$*' 3 "#%/" ,/+#  !"$6*)" %!- G!@$*

"#$ !)"/*)1 ),,/'&" %! "#)" )9$*)6$ '$@ +)1 ,&$!@ !6 /!@$* &)*" )1  !,/*)!+$ 1 $, 0$"3$$! )9$*)6$

'$@ +)1 ,&$!@ !6 /!@$* 5/11  !,/*)!+$ )!@ )9$*)6$ '$@ +)1 ,&$!@ !6 /!@$* !%  !,/*)!+$ 7 -$-2

E [m(0; θ)] ≤ E [m(q; θ)] ≤ E [m(1; θ)];  2 3$ %0") ! 1%3$* )!@ /&&$* 0%/!@, 5%* "#$ "*)!,5$* 9)1/$

%5 H$@ +) @ ), "#$ %/"I%5I&%+4$" &* +$ +#)!6$ %5 '$@ +)1 +)*$ @/$ "% H$@ +) @2 p(0) − p(1)2 " '$,

'$@ +)1 ,&$!@ !6 )"2 *$,&$+" 9$1:2 "#$ /! !,/*$@ )!@  !,/*$@ 1$9$1,<

[p(0)− p(1)]E [m(0; θ)] ≤ (p(0)− p(1))

ˆ 1

0

E[m (q; θ)]

dq
dq ≤ [p(0)− p(1)]E [m(1; θ)] . 7=J;

0*0*0 1/-2%345-!/6 '$%&#&7-%&'( -$$,'-83

A#$ +%!,/'&" %!I0),$@ %&" ' ()" %! )&&*%)+# 9)1/$, H$@ +) @ 0: #%3  " *$1)8$, "#$ 0/@6$" +%!I

,"*) !"  ! ,")"$, %5 "#$ 3%*1@ 3 "# @ K$*$!" ')*6 !)1 /" 1 " $, %5 +%!,/'&" %!- E$*$2 3$ ,#%3 "#)"

%!$ +)! )1"$*!)" 9$1: 9)1/$ H$@ +) @ 0: #%3  " *$1)8$, "#$ 0/@6$" +%!,"*) !"  ! ,")"$, %5 "#$ 3%*1@

3 "# @ K$*$!" ')*6 !)1 /" 1 " $, %5 %/"I%5I&%+4$" ,&$!@ !6 %! #$)1"#- A# , *$C/ *$, "#)"  !@ 9 @/)1

+#% +$, ,)" ,5: ) L*,"I%*@$* +%!@ " %!<

 !!"#$%&'( 9* ;#7"<"75%1=2 >/)">$2 )3 m %#7 c %&$ %, %# "#,$&")& )(,"+5+ %#7 /$#>$ 2%,"239 ,/$

?&2,@)&7$& >)#7",")#:

uc (c, h) p(q) = uh (c, h)
dh̃(m; θ)

dm
∀m, q, θ. 7=M;

A#$ 1$5"I#)!@ , @$ $C/)" %! 7=M;  , "#$ ')*6 !)1 +%," %5 '$@ +)1 ,&$!@ !6  ! "$*', %5 5%*6%!$

+%!,/'&" %!- A#$ * 6#"I#)!@ , @$ %5 $C/)" %! 7=M;  , "#$ ')*6 !)1 0$!$L" %5 )@@ " %!)1 '$@ +)1

  

 !"#$#%&!'()"*+$, !-.%$! /0$12+"$ /"& m #"0)! 3- (041+-$2 /"& 25+( %((0.*2+"$ 2" 5")!6

==



 !"#$%#&' ()%*) "+,-. /)" 0-1&%#-. ,/%.%/2 34 )"-./) uh (c, h)' 0,./%!.%"$ 52 /)" %#*1"- " %# )"-./)

!136%$"$ 52 -$$%/%3#-. 0"$%*-.  !"#$%#&'

dh̃
dm 7

8%/) /)% -  ,0!/%3#' (" *-# , " , " "+,-/%3# 9:;< /3 1"!.-*" /)" 0-1&%#-. ,/%.%/2 34 *3# ,0!=

/%3#' uc %# "+,-/%3# 9>< (%/) - /"10 $"!"#$%#& 3# /)" 0-1&%#-. ,/%.%/2 34 )"-./)' uh' 2%".$%#&?

dγ

dq
= E

[(

uh
E [uc]

dh̃(m; θ)

dm

1

p(q)

)

((p(0)− (p(1))m(q; θ))

]

. 9:@<

8" 1"4"1 /3 "+,-/%3# 9:@< - /)"  !"#$%!&'#(") *+%,-,.#%,*/ #++0*#1!7A B#-.3&3, /3 /)"

*3# ,0!/%3#=5- "$ 3!/%0%C-/%3# -!!13-*)' /)" D1 / /"10 5"/(""# !-1"#/)" " 0"- ,1" /)" 6-.,"

34 03#"2 %# /)" *,11"#/  /-/" 34 /)" (31.$ 1".-/%6" /3 %/ -6"1-&" 6-.,"' -#$ /)"  "*3#$ /"10 5"=

/(""# !-1"#/)" " 0"- ,1" 52 )3( 0,*) E"$%*-%$ 1".-F" /)" %#$%6%$,-.G 5,$&"/ *3# /1-%#/ %#

/)" *,11"#/  /-/" 34 /)" (31.$7 H130 /)" )"-./)=5- "$ 3!/%0%C-/%3# -!!13-*)G !"1 !"*/%6"' /)"

!13&1-0 $".%6"1 &1"-/"1 6-.," %4 %/ 036" 031" 1" 3,1*" /3  /-/" 34 /)" (31.$ (%/) - &1"-/"1 "F=

!"*/"$ 1"/,1# /3 3,/=34=!3*I"/  !"#$%#& 9%7"7'  /-/" 34 /)" (31.$ ()"1" /)" 1"/,1# /3 3,/=34=!3*I"/

 !"#$%#& % )%&)"1 5"*-, " /)" %#$%6%$,-. )- *)3 "# /3 431&3 6-.,-5." 0"$%*-. /1"-/0"#/ $," /3

,#$"1%# ,1-#*"<7 J3("6"1' ,#.%I" /)" *3# ,0!/%3#=5- "$ 3!/%0%C-/%3# -!!13-*)' /)" )"-./)=5- "$
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dγ(q)

dq
= (p(0)− p(1))E [m(q; θ)]
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dm
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)
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+? γ(1) !$ *.# +)*!(!61*!+$ 1))/+12.#& ?/+( dγ(0)
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#$%&'% "( "1,4)&'%! %*"% 5&+ -" + "6&-%!  0 $'&  ! '$% 7&% !"% !8&+ .7 %*& 9&(0"1& &!% )"%&!:

 !""#$%&'$()* +,- ./-0() 1-&#', 2)34/&)%- 56"-/$7-)'

;& "##(7 %*&!& "##1$"-*&! %$ 9&(0"1& "'"(7! ! $0 %*& 5&+ -" + &<#"'! $' %*"% $--411&+  ' =1&,$'

 ' >??@ A " " ($%%&17: B*& ($%%&1 &+ #1$,1")C -"((&+ =DE F%"'+"1+C -$A&1! ($9/ '-$)& G.&($9 H??

#&1-&'% $0 %*& 0&+&1"( #$A&1%7 ( '&IC 4' '!41&+ "+4(%! G",&+ HJ/KLI 9*$ "1& '$% -"%&,$1 -"((7 &( , .(&

0$1 =DE E(4!C =1&,$'M! %1"+ % $'"( 5&+ -" + #1$,1"):
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=DE F%"'+"1+ #1$A +&! -$)#1&*&'! A&

)&+ -"( .&'&8%! 9 %* '$ #"% &'% -$!%/!*"1 ', "'+ ($9 )$'%*(7 #1&) 4)! GN? %$ N>?C ."!&+ $'

 '-$)&I: ;& 0$-4! $' %*& 9&(0"1& &6&-%! $0 5&+ -" + -$A&1",& "0%&1 "##1$< )"%&(7 $'& 7&"1:
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O' &"1(7 >??@C %*& !%"%& $#&'&+ " 9" % ', ( !% 0$1 %*& #1&A $4!(7 -($!&+ =DE F%"'+"1+: O%

1"'+$)(7 !&(&-%&+ "##1$< )"%&(7 P?C??? $0 %*& QRC??? #&$#(& $' %*& 9" % ', ( !% %$ *"A& %*& $#/

#$1%4' %7 S 0$1 %*&)!&(A&! "'+ "'7 *$4!&*$(+ )&).&1! S %$ "##(7 0$1 =DE F%"'+"1+: T$(($9 ',

%*& "##1$"-* $0 #1&A $4! 9$13 $' %*& =1&,$' &<#&1 )&'%C 9& 4!& 1"'+$) "!! ,')&'% .7 %*& ($%/
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 #

?"2G/!.%/"2 /% 6!B FHIJHKLHMN ;)(8"7/ 4()/ 7/%6"!. (2 %1/ !(%%/)&9 627 .-;;()%"2# /8"7/23/ (2 %1/ 6..-4;%"(2.
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."3/"$) +, /+$)3+4 /+*.41"3(6 ?+)! %&'#()*"$)( %3" &"(/317"& 1$ *+3" &")%14 1$ @"/)1+$ A6
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-&%+0'+9 #! (%*+ #!#*6 -&%+0'+9 4!" ,!+#"!6 ,!(&6'%"- (q = 0). ':%:. E[x(0,m(0;θ))]
E[m(0;θ)] : 8% %-#'(*#%

p(0) = 0.18:
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*- /%66 *- $%#%"!9%+%'#< *,"!-- '+0'D'02*6- '+ '+,!(%:
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#!&3,!0%0 D*62% !4 >Q?.???: 8% 0'D'0% #$'- $!2-%$!60 '+,!(% (%*-2"% =< #$% #!#*6 +2(=%" !4 4*('6<

(%(=%"- L*026#- *+0 ,$'60"%+O '+ #$% $!2-%$!60 #! ,!+-#"2,# &%" ,*&'#* *++2*6 '+,!(%. *+0 #$%+
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 !"#  $# !%#&!'# (%#& ()& *!+,-#. /*01'  $0* !,,&(!2$3 4# #* 0+! # !%#&!'# ,#& 2!,0 ! 012(+#

5ȳ6 0* 7839:9 ,#& ;#!& <(&  $# 2(+,-0#&* 01 ()& *!+,-#. =$0* 0* >)0 # -(4. ?#2!--3 $(4#%#&3  $! 

2(+,-0#&* +)* @# @#-(4  $# <#A#&!- ,(%#& ; -01#. B1 C::D3  $# <#A#&!- ,(%#& ; -01# &#E#2 #A ,#&

2!,0 ! 012(+# (< @# 4##1 7F3FG8 !1A 7G:398: <(& <!+0-; *0H#* (< I 01A0%0A)!-*  ( G 01A0%0A)!-.
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J#2!)*#  $#&# 0* )1!%(0A!@-# +#!*)&#+#1 #&&(& 01  $0* !,,&(!2$  ( +#!*)&01' c3 !1A @#2!)*#

4#-<!&# #* 0+! #* !&# 1! )&!--; *#1*0 0%#  ( c ! -(4 %!-)#*3 4# <(--(4  $# * !1A!&A ,&(2#A)&# <(&

&)-01' () 0+,-!)*0@-; -(4 %!-)#* (< c 5#.'.3 J&(41 !1A K01"#-* #01 5C::96LDM3 N(;1#* !1A O)  +#&

5C:GG6L88M6 @; 0+,(*01' !1 !11)!- 2(1*)+, 0(1 E((&. P)& @!*#-01# !1!-;*0* 0+,(*#* ! 2(1*)+, 0(1

E((& (< 7G3::: ,#& 2!,0 ! ,#& ;#!&3 4$02$ 4# 0+,-#+#1 @; 2!,,01' () Q(<Q,(2"# #R,#1A0 )&# ! 
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T# !-*( #R,-(&# *#1*0 0%0 ;  (  $# !**)+#A %!-)# (<  $# 2(1*)+, 0(1 E((&.

 !!"#$%& '() *+$,-"+ %#.,-/!01#. -,1.2 .$01#.$3 4$0$ 5"#/ 0&+ 678 U 2(12#&1 40 $
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 $# 2(1*)+, 0(1 *+(( $01' @#1#V * (< W#A02!0A.

U* !1 !- #&1! 0%# !,,&(!2$3 4# )*# A! ! (1 1(1Q+#A02!- 2(1*)+, 0(1 (c) !1A () Q(<Q,(2"# Q
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5q = 06. =$0* !--(4* )*  ( #* 0+! #  $# ,)&#Q01*)&!12#  #&+ 01 #>)! 0(1 5GC6 ! q = 0. J#2!)*#  $#
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01*)&!12# * ! )*. U,,#1A0R U.I ,&(%0A#* +(&# A# !0- (1  $# A! ! !1A ()& *!+,-# A#V10 0(1. T#

#* 0+! # !%#&!'# 2(1*)+, 0(1 <(&  $# )101*)&#A (< 7G83FIG 5* A. A#%. (< 7\3IFG6.
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B+,-#+#1 ! 0(1 (<  $# 2(+,-# #Q01<(&+! 0(1 !,,&(!2$ &#>)0&#* !1 !**)+, 0(1 <(& @( $  $# 2(#]Q
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A"" !55*BCC#0*"@!!0@&($C*($"%5/C78*($"%5/@0!5)+@

 "
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 ! "##$%! "& " '"(!)$*! "((+,-&$.* /.# φ "( /.)).0(1  ! 23#+4!)56 3.*%!#& &7! !(&$,"&!4 !8!3&

./ 9!4$3"$4 .* (!)/:#!-.#&!4 7!")&7 2(!! ;"')! <6 $*&. "* !(&$,"&!4 !8!3& .* <=:5!"# )$/! !>-!3&"*35
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0$&7 4$8!#!*& (!)/:#!-.#&!4 7!")&7 $* &7! @"&$.*") A!")&7 B*&!#%$!0 C+#%!51

  

 ! /+#&7!# "((+,!
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J.,'$*$*K &7!(!

"((+,-&$.*( 5$!)4( " %")+! /.# φI &7! %")+! ./ #!-.#&$*K !>3!))!*&I %!#5 K..4I .# K..4 7!")&7 2#"&7!#
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 !" #$% #&%!# '(&)*+%$, (q = 1)- ./%$ 0% '(!,1&)#+(! 2($ '(!#$(* '(&)*+%$, (q = 0) +, 345467

8+#9  ,# !" $" "%/+ #+(! (2 3:;<- =($ #$% #&%!# '(&)*+%$, (q = 1)5 '(!,1&)#+(! +, ,+&)*>  /%$ 0%

+!'(&%5 345<7<5 ,+!'% ?>  ,,1&)#+(! x(1,m) = 0. @9% "+A%$%!'% ?%#8%%! #9% #8( *+!%, +! #9%

B01$% ,9(8, #9% +!'$% ,% +! '(!,1&)#+(! "1% #( C%"+' +" 2($ #9% '(&)*+%$,- D!  /%$ 0%5 C%"+' +"

+!'$% ,%" '(!,1&)#+(! ?> 3E<F-

 !"#$%" &'( (!)*+,*"-%-*'.

@9% B$,# '(*1&! (2 @ ?*% 6 ,9(8, #9% $%,1*# !# %,#+& #%G γ(1) = $1, 576. H% %,#+& #% #9 #

 C%"+' +" $%'+)+%!# 8(1*" ?% +!"+A%$%!# ?%#8%%! 0+/+!0 1) C%"+' +"  !" 0+/+!0 1) 3I5J:; +!

'(!,1&)#+(!- H% "%B!% #9% 8%*2 $% / *1% (2 C%"+' +" #( $%'+)+%!#, ()%$ #+!0 #9$(109 '(!,1&)#+(!5

γC  ,G

E

[

c (0; θ)1−σ

1− σ

]

= E

[

(c (1; θ)− γC)
1−σ

1− σ

]

,

 !" %,#+& #% γC = 1, 111.  ! "#!$ %$&!' "#! (!)&*'! +*),! -& .!/%0*%/ -1!'*"%$2 "#'-,2# #!*)"# *3

γM = γ(1)− γC = $465. !

4- !51)-'! (#*" *31!0"3 -& .!/%0*%/ /'%+! -,' !3"%6*"! -& γ (1)7 (! 0*$ /!0-61-3! γ(1)
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=& "5& #&"$/ !2'>(&'/  ' /,& 5&$-#/$ 652. /,& ,&"#/,B;"$&( 2%/ . J"/ 2' "%%52"!,T /,& ( UB

!-#/ &$  ' &$/ ."/ ') ,&/&52)&'& /3  ' ,&"#/, 5&/-5'$ /2 2-/B26B%2!C&/ $%&'( ') !5&"/& !2'$ (&5";#&

-'!&5/" '/3 "52-'( /,& 5&$-#/$* +,& &$/ ."/&$ !2'/" ' )5&"/&5 $/"/ $/ !"# -'!&5/" '/3 /,"' /,& 2/,&5

"%%52"!,&$9 "$ 5&Q&!/&(  ' /,& : (&5 !2'>(&'!&  '/&54"#$ $,2:'  ' +";#& I* G' "(( / 2'9 2-5  .%#&B

.&'/"/ 2' 26 /,& ,&"#/,B;"$&( 2%/ . J"/ 2' "%%52"!, ."3 %52(-!& (2:':"5( ; "$&( &$/ ."/&$ 26

 !

 !"# $%%&'$(! ')"*# $+, -$./0 '1 "+#/&$+(0 2"*!"+ 0$(! -$./0 '1 θK 3 $+4 *!/# ."50., /+40&#*$*0# *!0 *&/0 -$./0
'1 "+#/&$+(06 7'20-0&3 "* %&'-"40# $ %$&#")'+"'/# )0*!'4'.'8, 1'& ")%.0)0+*"+8 *!0 !0$.*!9:$#04 '%*")";$*"'+

$%%&'$(! 2"*! '/& 4$*$6 <*# 0)%"&"($. .")"*$*"'+# $.#' !"8!."8!* *!0 ")%'&*$+(0 '1 1/&*!0& 2'&5 $")04 $* "40+*"1,"+8

+'* '+., *!0 $-0&$80 &0*/&+ '+ )04"($. #%0+4"+83 :/* $.#' "*# !0*0&'80+0"*,6

 "

=%0(">($..,3 20 /#0 Covθ[X,Y ] = EθK

[

Eθ|θK [X,Y ]
]

− Eθ [X]Eθ [Y ]3 2!0&0 X "#

∂h̃
∂m

$+4 Y "# x(0,m(0, θ)?6 <+

'*!0& 2'&4#3 20 ($.(/.$*0 *!0 >&#* 0@%0(*$*"'+ '1 *!"# ('-$&"$+(0 *0&) >&#* ('+4"*"'+$.., '+ θK 3 $+4 *!0+ 20 *$50 *!0
0@%0(*$*"'+ '1 *!0#0 ('+4"*"'+$. 0@%0(*$*"'+# :, 20"8!*"+8 *!0) :, *!0 1&$(*"'+ '1 ('+*&'. (')%."0&# '1 0$(! *,%0 θK 6
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γ(1)  !" #$%#&#%'()* (+ ( ,!"$-" *!)'+#!$ .#+/ "-*0-,+ +! 1-%#,() *0-$%#$2 3*--  !!+$!+- 456 ./#,/ #*

+/- ,(*-  !" (7!'+ 58 0-",-$+ ! +"-(+1-$+ ,!10)#-"* ($% 98 0-",-$+ ! ,!$+"!) ,!10)#-"*: ;$!+/-"

*!'",- ! %!.$.("% 7#(* #$ +/- /-()+/<7(*-% !0+#1#=(+#!$ (00"!(,/ #* +/(+ !'" -*+#1(+#!$ ! +/-

/-()+/ 0"!%',+#!$  '$,+#!$ ,!$%#+#!$() !$ θK 1#**-* ($> .#+/#$<θK #$*'"($,- 3*--  !!+$!+- 946:

?$ +/- !+/-" /($%@ !'" ,!$*'10+#!$<7(*-% -*+#1(+-* 1(> 7- 7#(*-% '0.("%: A/- ,!$*'10+#!$

0"!B> 1-(*'"- 3'*-% #$ +/- ,!10)-+-<#$ !"1(+#!$ (00"!(,/ ($% #$ !$- &("#($+ ! +/- ,!$*'10+#!$<

7(*-% !0+#1#=(+#!$ (00"!(,/6 1!%-)* ,!$*'10+#!$ (* #$,!1- 1#$'* !'+<! <0!,C-+ -B0-$*-* ($%

+/-"- !"- #2$!"-* +/- 0!**#7#)#+> ! +/- '$#$*'"-% *1!!+/#$2 ,!$*'10+#!$ +/"!'2/ !+/-" 1-($*

*',/ (* *(&#$2*@ 7!""!.#$2@ !" +"($* -"*  "!1  "#-$%* !"  (1#)>:

  

?'" DEF ,!$*'10+#!$ 1-(*'"-

3'*-% #$ !'" !+/-" &("#($+ ! +/- ,!$*'10+#!$<7(*-% !0+#1#=(+#!$ (00"!(,/6 */!.* ( $-2(+#&-

,!&("#($,- 7-+.--$ 1("2#$() '+#)#+> ! ,!$*'10+#!$ ($% !'+<! <0!,C-+ 1-%#,() -B0-$%#+'"-* (1!$2

+/- '$#$*'"-% #$ +/- "(. 3'$(%G'*+-%6 %(+(@ *'22-*+#$2 +/(+ H-%#,(#% +"($* -"* "-*!'",-* +! *+(+-*

! +/- .!")% .#+/ )!.-" 1("2#$() '+#)#+#-* ! ,!$*'10+#!$I +/- -*+#1(+-* ! γ(1) +/(+ .- "-0!"+ '*-

( 1-(*'"-1-$+<-""!" ,!""-,+#!$ +! 0"!%',- ( 0!*#+#&- J0'"-<#$*'"($,- +-"1K #$ +/#* (00"!(,/:

?'" !0+#1#=(+#!$ (00"!(,/-* 1(> ()*! 7- 7#(*-% %!.$.("% 7-,('*- .- (**'1- ( ,!$*+($+

!'+<! <0!,C-+ 0"#,- ! 1-%#,() ,("-  !" +/- '$#$*'"-%: L @ /!.-&-"@ +/- '$#$*'"-%  (,- ( "($2- ! 

!'+<! <0!,C-+ 0"#,-* (,"!** %#M-"-$+ +"-(+1-$+* ($% ("- 1!"- )#C-)> +! '$%-"2! +"-(+1-$+* .#+/ (

)!. 0"#,-@ +/-$ !'" -*+#1(+- ! +/- #10(,+ ! H-%#,(#% !$ +/- !'+<! <0!,C-+ *0-$%#$2 *,/-%')- .#))

7- 7#(*-% %!.$ 7-,('*- #+ #* 7(*-% !$ +/- *-)-,+-% *(10)- ! +"-(+1-$+* '$%-"2!$-:

; "-)(+-% #**'-  !" !'" !0+#1#=(+#!$ (00"!(,/-* N ./#,/ ,!')% ,"-(+- 7#(* ! -#+/-" *#2$ N #* +/(+

!'" -*+#1(+- ! p (0) #* 7(*-% !$ +/- (&-"(2- 0"#,-  !" +/- '$#$*'"-%@ ./#)- +/- "-)-&($+ 0"#,-  !"

.-) ("- ($()>*#* #* +/- 1("2#$() 0"#,- ! 1-%#,() ,("-  !" +/- '$#$*'"-%: A/- 1("2#$() 0"#,- 1(>

7- /#2/-" +/($ +/- (&-"(2- 0"#,- N # +/- '$#$*'"-% +-$% +! (&!#% +"-(+1-$+*  !" ./#,/ +/-> .!')%

/(&- +! 0(> ( /#2/-" !'+<! <0!,C-+ 0"#,- N !" #+ 1#2/+ 7- )!.-" +/($ +/- (&-"(2- 0"#,- N # (7!&- (

,-"+(#$ )-&-) ! -B0-$%#+'"-*@ +/- '$#$*'"-% -M-,+#&-)>  (,- $! !'+<! <0!,C-+ ,!*+* 3H(/!$->@ 584O

P9QR6: ; %!.$.("% 7#(* #$ !'" -*+#1(+- ! p(0) "-%',-* +/- -*+#1(+- ! γ(1) 3*-- -S'(+#!$ T6 ($%@

#$,#%-$+())>@ ,"-(+-* ($ '0.("% 7#(* #$ +/- -M-,+ !$ -B+-"$() 0("+#-*@ N : ;$ '0.("% 7#(* #$ p(0)

/(* +/- !00!*#+- -M-,+:

U#$())> +/- )#$-(" #$+-"0!)(+#!$ 7-+.--$

dγ(0)
dq ($%

dγ(1)
dq +/(+ .- '*- +! #10)-1-$+ +/- !0+#1#=(<

+#!$ (00"!(,/-* 3*-- ;**'10+#!$ O6 1(> %!.$.("% 7#(* !'" -*+#1(+-* ! γ(1) *#$,- #+ %!-* $!+

())!.  !" +/- 0!**#7#)#+> +/(+ *!1- ! +/- 7-$-V+ ! /-()+/ #$*'"($,- 1(> !0-"(+- &#( ($ J(,,-**

1!+#&-K #$ ./#,/ (%%#+#!$() #$,!1- 3!" )#S'#%#+>6 ())!.*  !" %#*,!$+#$'!'* !" )'10> ,/($2-* #$

/-()+/ ,("- ,!$*'10+#!$ 3W>1($ 34TTT(P9XR@ 4TTT7P9YR6:

 !

Z> ,!$+"(*+@ +/- ,!10)-+-<#$ !"1(+#!$

  

 !"# "$%" &# !'( #)"*+%"#) ,! (#-#." %/0 ,*(#." 1%0+#/" !2 3*44) 30 !"$#( 1%("*#) 5)! "$%" "$# !'"6!261!.7#"

)1#/,*/89 x9 *) (#,'.#,:; &$%" &# %(# ('4*/8 !'" *) "$# %3*4*"0 !2 "$# */,*<*,'%4 "! )+!!"$ "$# *+1%." !2 x &*"$ $#41
2(!+ !"$#( 1%("*#)=

 !

>!/)*,#( %/ #?"(#+# #?%+14# */ &$*.$ "$#(# *) % )*/84# #?1#/)*<# +#,*.%4 1(!.#,'(# "$%" */,*<*,'%4) +%0 '/,#(8!

*/ "$# #<#/" !2 % $#%4"$ )$!.7= @/,*<*,'%4) %(# )'A.*#/"40 4*B'*,*"0 .!/)"(%*/#, "$%" "$#0 &*44 '/,#("%7# "$*) 1(!.#,'(#

!/40 *2 q ≥ 0.4= C) % (#)'4" dγ

dq
&!'4, 3# D#(! '/"*4 q = 0.49 E'+1 '1 %" q = 0.4 %/, ,#.4*/# "$#(#%2"#( F$# 4*/#%(

%11(!?*+%"*!/ */ G*8'(# H &!'4, /!" .%1"'(# "$# (#4%"*<#40 4%(8# <%4'#) !2

dγ

dq
"$%" !..'( 2!( */"#(+#,*%"# <%4'#) !2 q

%/, &!'4, "$#(#2!(# '/,#(#)"*+%"# "$# &#42%(# #I#." !2 J#,*.%*, !/ "$# (#.*1*#/"=
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 !!"# $% &#'()  $$'" *+(, $ !*'"+ *%+ - ('+ .*+//012 3"#/ *%+ (04'0)0*, 5+)0$ 0) !"#-0)+.6

 !

73

$#'".+8 .01$+ *%+ $#/!(+*+9013#"/ *0#1  !!"# $% "+4'0"+. .!+$03,012  ((  "2'/+1*. #3 *%+ '*0(0*,

3'1$*0#1 &%0(+ *%+ #!*0/0: *0#1  !!"# $%+. )# 1#*8 #/0..0#1 #3  1, '*0(0*,9"+(+- 1* #'*$#/+. *% *

 "+  ;+$*+) <, 5+)0$ 0) / , $ '.+ *%+ +.*0/ *+ #3 γ(1) 3"#/ *%+ $#/!(+*+9013#"/ *0#1  !!"# $%

*# <+ <0 .+) +0*%+" '! #" )#&16

 !"#$%&%$#'#()"

 !" #$%&'(&% ')*+*

 !!"#$%&

=* 0. '.+3'( *# <+1$%/ "> #'" &+(3 "+ +.*0/ *+.8 γ(1)8  2 01.* 5+)0$ 0) $#.*.6 ?01$+ *%+ 2#-+"19

/+1* ! ,. *%+ /+)0$ ( <0((. 3#" 5+)0$ 0) "+$0!0+1*.  1) 5+)0$ 0) "+$0!0+1*. % -+ 1# #'*9#39!#$>+*

.!+1)012 @06+68 x(1,m) = 0A8 *%+  -+" 2+ $#.* *# *%+ 2#-+"1/+1* !+" "+$0!0+1*8 &%0$% &+ )+1#*+ <,

G8 0. 20-+1 <,B

 "

G = E [m (1; θ)] . @CDA

E%+ @2"#..A $#.* *# *%+ 2#-+"1/+1* 0. (0>+(, %02%+" *% 1 *%+ 1+* $#.* *# .#$0+*,6 5+)0$ 0)F. 1+*

$#.* !+" "+$0!0+1*8 &%0$% &+ )+1#*+ <, C, $#1.0.*. #3 *%+ 01$"+ .+ 01 /+)0$ ( .!+1)012 01)'$+)

<, 01.'" 1$+8 m (1; θ) − m (0; θ)8  1) *%+ )+$"+ .+ 01 #'*9#39!#$>+* .!+1)012 )'+ *# 01.'" 1$+8

x (1,m (1; θ))− x (0,m (0; θ))6 G+1$+8

C = E [m (1; θ)−m (0; θ)]− E [x (1,m (1; θ))− x (0,m (0; θ))] . @HIA

J.012 x(1,m) = 08 &+ $ 1 )+$#/!#.+ 2"#.. $#.*. *# *%+ 2#-+"1/+1*8 G8 01*# 1+* $#.*.8 C,  1)

 1+* *" 1.3+" *# +K*+"1 ( ! "*0+.B

G = C +N.

L+ )+1#*+ <, N *%+ 1+* *" 1.3+". <, 5+)0$ 0) 3"#/ *%+ 2#-+"1/+1* *# !"#-0)+". #3 0/!(0$0* 01.'"9

 1$+ 3#" *%+ '101.'"+)6 E%+ 1+* *" 1.3+". *# +K*+"1 ( ! "*0+.  "+ 20-+1 <, *%+  /#'1* #3 /+)0$ (

.!+1)012 *% * &+1* '1! 0) <, *%+ '101.'"+)B

N = E [m (0; θ)]− E [x (0,m(0; θ))] . @HCA

=1 #*%+" &#").8 N )+1#*+. *" 1.3+". *# *%+ !"#-0)+". #3 0/!(0$0* 01.'" 1$+ &%#8 01 *%+  <.+1$+ #3

5+)0$ 0)8 &#'() % -+ ! 0) 3#" /+)0$ ( .!+1)012 *% * & . 1#* $#-+"+) <, *%+ #'*9#39!#$>+* .!+1)012

 !

 !"# "# $% "&'()*$%* +",-)-%.- )-/$*"0- *( *!- .(&'/-*-1"%2()&$*"(% $'')($.! 3!".!4 5-.$6#- "* #'-."7-# $ 26//

6*"/"*8 26%.*"(%4 .$% +-/"0-) %(%1&$)9"%$/ 3-/2$)- -#*"&$*-# +")-.*/8: ;% .(%*)$#*4 *!- ('*"&"<$*"(% $'')($.!-# 2(//(3

*!- #'")"* (2 =$)5-)9-)># ./$##". *)"$%9/- ?=$)5-)9-) ?@ABCDEF@GD $%+ $'')(H"&$*- %(%1&$)9"%$/ 3-/2$)- #*$*-&-%*#

6#"%9 #*$*"#*".$/ "%*-)'(/$*"(%#:

 "

;% $++"*"(%4 /$5() #6''/8 )-#'(%#-# *( I-+".$"+ &$8 "&'(#- 7#.$/ -H*-)%$/"*"-# (% *!- 9(0-)%&-%* 0"$ *!-")

"&'$.* (% *$H )-0-%6-: =(3-0-)4 "% *!- .(%*-H* (2 *!- J)-9(% =-$/*! ;%#6)$%.- KH'-)"&-%*4 *!-)- "# %( -0"+-%.-

*!$* I-+".$"+ $,-.*-+ /$5() &$)L-* $.*"0"*"-# ?M$".L-) -* $/: ?NO@CDECGD:

HM



 ! "#$#%"&'( $#($)$("*+%,

-.' $('#/$/0  ! /.'%' 1& )$('&%  ! $21+$3$/ $#%"&*#3' $% * ($43"+/ *#(  1'# 5"'%/$ #, -.' 1& 6

)$%$ #  ! "#3 21'#%*/'( 3*&' 70 . %1$/*+% $% * #*/"&*+ %/*&/$#8 1 $#/9 :*&/.;*$/'< :& %%< *#( = 6

/ ;$($8( >?@ABCD?EF &'3'#/+0 '%/$2*/'( /.*/ $#3&'*%'% $# G'($3*$( 3 )'&*8' +'*( / +*&8' &'("3/$ #%

$# %"3. "#3 21'#%*/'( 3*&', H*2$+0 2'27'&%  &  /.'&% ;. 1&')$ "%+0 1& )$('( "#3 21'#%*/'(

$#! &2*+ $#%"&*#3' 2*0 *+% &'3'$)' #'/ /&*#%!'&% !& 2 G'($3*$(,

 !

-.' "+/$2*/' '3 # 2$3 $#3$6

('#3'  ! /.' /&*#%!'&% / 'I/'&#*+ 1*&/$'% $% ')'# 2 &' 3 21+$3*/'(9 ;.$+' % 2'  ! /.' $#3$('#3' 2*0

!*++  # /.' ($&'3/ &'3$1$'#/%  ! /.' #'/ /&*#%!'&%<  /.'& 1*&/$'% 7'*&$#8 % 2'  ! /.' $#3$('#3' 2*0

$#3+"(' /.' 1&$)*/'+0 $#%"&'(< /.' 8 )'&#2'#/ 7"(8'/ >! & 'I*21+'< /.& "8. &'("3'( 1*02'#/% / 

1& )$('&% ! & /.' 1& )$%$ #  ! "#3 21'#%*/'( 3*&'C<  & ')'# /.' &'3$1$'#/% /.'2%'+)'% >! & 'I*21+'<

$! &'("3/$ #% $# "#1*$( 2'($3*+ ('7/ $21& )' /.'$& 3&'($/ %3 &'%C,

 "

J# 1&$#3$1+'<  #' 3 "+( /&*3'

/.& "8. /.'%' $#3$('#3'% 70 '%/$2*/$#8 /.' $21*3/  ! G'($3*$(  # /.' ;'+!*&'  !  /.'& 1*&/$'%<

;.$3. 2*0 7' *7 )'  & 7'+ ; /.' ( ++*& )*+"'  ! N , K $#8 % &'5"$&'% *(($/$ #*+ 3*"%*+ '%/$2*/'%

7'0 #( ;.*/ $% &'*($+0 *)*$+*7+' $#  "& %'//$#8, J# 1&*3/$3'< ;' *%%"2' /.' )*+"'  ! /.'%' /&*#%!'&%

$% '5"*+ / /.'$& 3 %/%< N < *#( 'I1+ &' ($L'&'#/ *%%"21/$ #% &'8*&($#8 /.'$& '3 # 2$3 $#3$('#3',

 !"#$%"

-.' / 1 1*#'+  ! -*7+' M %"22*&$N'%  "& '%/$2*/'%  ! G'($3*$( 3 %/%, O' "%' /.' + //'&0 *% *# $#6

%/&"2'#/ ! & G'($3*$( /  7/*$# /.'%' '%/$2*/'%9 P11'#($I P,? 1& )$('% 2 &' ('/*$+%, O' '%/$2*/'

8 )'&#2'#/ 3 %/% G *% / /*+ 2'($3*+ %1'#($#8 70 /&'*/2'#/ 3 21+$'&% (q = 1)  ! QM<BRS >%'' -*7+'

AC9 /.$% $% 7& *(+0 3 #%$%/'#/ ;$/. 'I/'&#*+ '%/$2*/'%  ! /.' *##"*+ 1'&6&'3$1$'#/ %1'#($#8 $# /.'

%"7%'5"'#/+06+ //'&$'( G'($3*$( 1& 8&*2 $# ?@@A6?@@T  ! *7 "/ QM<@@@ >O*++*3' '/ *+, >?@@UCDTUFC,

O' '%/$2*/' /.*/ G'($3*$( &'("3'(  "/6 !61 3V'/ %1'#($#8 70 QTUR *#( $#3&'*%'( 2'($3*+ %1'#($#8

70 QUUB, -.$% 0$'+(% * #'/ 3 %/ C  ! QA<MET 1'& &'3$1$'#/ 1'& 0'*&,

O' '%/$2*/' %"7%/*#/$*+ /&*#%!'&% / 'I/'&#*+ 1*&/$'%< N , O' '%/$2*/' /.*/ 3 #/& + 3 21+$'&%

(q = 0) .*( / /*+ 2'($3*+ 'I1'#%'%  ! Q?<EAA *#(  "/6 !61 3V'/ 'I1'#%'%  ! QTUR >%'' -*7+' AC,

W'#3'< '5"*/$ # >?AC $#($3*/'% /.*/ G'($3*$( ('+$)'&% * /&*#%!'& / 'I/'&#*+ 1*&/$'% >N)  ! Q?<???,

-.$% $% %"7%/*#/$*+ &'+*/$)' /  "& '%/$2*/'%  ! G'($3*$( /&*#%!'&% / &'3$1$'#/% *#( ')'# &'+*/$)' / 

/.' / /*+ )*+"' >$#%"&*#3' 1+"% /&*#%!'&C  ! G'($3*$( / &'3$1$'#/% >%'' -*7+' ?C, -.'0 ;$++ /.'&'! &'

7' $21 &/*#/ / V''1 $# 2$#( $#  "& 7'#3.2*&V$#8  ! /.' ;'+!*&' '%/$2*/'% $# /.' #'I/ %"7%'3/$ #,

 !

 !"#$%& '"#%!#()* +&",' #" -"!.(/%& (. #$% '&(0)#%*1 (!.,&%/2 3$(*% ",& 4&)5%6"&7 #)7%. -&"6/ ",# "4 '&(0)#%

(!.,&)!-% 4"& 8%/(-)(/ &%-('(%!#. (!#" )--",!# (! ",& %.#(5)#% "4 γ(1)9 .,-$ -&"6/ ",# 5)1 )*." ):%-# ;6(#$ ,!7!"6!
.(+!< )/0%&.% .%*%-#("! (! #$% '&(0)#% $%)*#$ (!.,&)!-% 5)&7%# )!/9 $%!-%9 ",#-"5%. 4"& !"!=&%-('(%!#. (! #$)# 5)&7%#2

>! #$% -"5'*%#%=(!4"&5)#("! )''&")-$9 .,-$ +%!%&)* %?,(*(@&(,5 %:%-#. "! !"!=8%/(-)(/ &%-('(%!#. -)! (! '&(!-('*%

@% -)'#,&%/ @1 %.#(5)#(!+ #$% (5')-# "4 8%/(-)(/ "! )** )&+,5%!#. "4 #$% ,#(*(#1 4,!-#("! "4 !"!=&%-('(%!#. ). 6%**2

A(7%6(.%9 (! #$% "'#(5(B)#("! )''&")-$9 #$%.% +%!%&)* %?,(*(@&(,5 %:%-#. -)! @% -)'#,&%/ @1 %.#(5)#(!+ #$% (5')-#

"4 8%/(-)(/ "! #$% @,/+%# -"!.#&)(!# "4 !"!=&%-('(%!#.C D$%##1 )!/ E)%B ;FGHG<IHJK '&"0(/% "!% 5"/%*(!+ .#&,-#,&%

4"& #$(. (5')-#2 >! '&)-#(-%9 (! #$% -"!#%L# "4 #$% M&%+"! N%)*#$ >!.,&)!-% OL'%&(5%!#9 #$%&% (. !" %0(/%!-% "4 -&"6/

",# "4 '&(0)#% (!.,&)!-% @1 8%/(-)(/ ;P(!7%*.#%(! %# )*2 ;FGHF<IFQK<2

 "

>! ",& -"!#%L#9 #$% %0(/%!-% 4&"5 #$% M&%+"! N%)*#$ >!.,&)!-% %L'%&(5%!# (!/(-)#%. #$)# "!*1 )@",# $)*4 #$%

.)5'*% $)/ &%0"*0(!+ -&%/(#9 )!/ 8%/(-)(/ &%-%('# /(/ !"# ):%-# -&%/(# .-"&%. ;P(!7%*.#%(! %# )*2 ;FGHF<IFQK<2

?B



 !" #$%&'()*+,

 !"!# $%&'( )* +(,-.-(/)0 +(&%)-1( )* ,*0)0

 ! "#$% !&'()*! %+! ,-%!*%)'. !/0)!*012!*+'*0)*3 #-.! -4 ,56.)0 )*$5#'*0! ,#-7)$)-*8 61 '$9)*3

:+!%+!# 5*)*$5#!; )*;)7);5'.$ :-5.; 6! :)..)*3 %- ,'1 %+! 0-$% %- %+! 3-7!#*(!*% -4 ,#-7);)*3

<!;)0'); -#8 !=5)7'.!*%.18 :+!%+!# <!;)0'); #!0),)!*%$ :-5.; #'%+!# ,'1 %+! 3-7!#*(!*%>$ 0-$%

%+'* 3)7! 5, <!;)0');? @+! '*$:!# :).. 6! 1!$ )4 γ(1) !&0!!;$ G? ! A$ *-%!; )* %+! B*%#-;50%)-*8
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$*271:&" )* C.0EGF- H*)& 9*6&;&: )91)0 69#5& γ̃(1) #! #' )9& !7#:#) *3 1' &?%#;15&') ;1:#1)#*' *3 <1#'#'< =&"#$1#"0 #)
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17% B!01 /4'1 " '40/!)4(% 7)0 ) B!019"!&%! %F%(1 "4 ,%5 )!%  "! !'0G9)-%!0% '4&'-'&/)50. 2/1 %41)'50

"456 0%("4&9"!&%! #"!)5 7);)!& ("010* H'-%4 17)1 17% /4'40/!%& )5!%)&6 7)-% 0/201)41')5 '4 "!#)5

'40/!)4(% Cp(0) = 0.18). '1 '0 )4 %#8'!'()5 @/%01'"4 ,7%17%! 17% /4'40/!%& 7)-% ) ,'55'4<4%00 1" 8)6
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%+4($)+3#=

V (q) = maxm(q;θ) E [u (y (θ)− x (q,m (q; θ))− γ (q) , h (m (q; θ) ; θ))] , ,>>.

<5#$# *5# #?9#3*)*%!+ %4 *)@#+ <%*5 $#;)$" *! θA  5# #+&#6!9# *5#!$#0 %096%#4=

dV

dq
= E

[(

−
∂x

∂q

)

uc

]

−
dγ

dq
E [uc] .

B%&#+ *5)* V (q) = E [u (c (0; θ) , h (0; θ))] 87 #'()*%!+ ,1.2 %* /!66!<4 *5)* dV/dq = 0. C4%+; dV/dq =

0 *! 4!6&# *5# #'()*%!+ )8!&# /!$ dγ/dq 7%#6"4=

dγ

dq
=

E
[(

−∂x
∂q

)

uc

]

E [uc]
.

C4%+; #'()*%!+ ,D.2 −∂x
∂q = (p(0)− p(1))m(q; θ)2 <# !8*)%+=

dγ

dq
= E

[
uc

E [uc]
(p(0)− p(1))m(q; θ)

]

,
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ǫ@53(+5#  . , $&+8 q !+&%$  . &+$!"(+5#7 /&%3 ǫ → 00 K "'(,,6L γ (q) $ ,4#$ . " ǫ → 0L

E [u (c (q; θ)− ǫγ (q) , h (q; θ))] = (1− ǫ)E [u (c (q; θ) , h (q; θ))] + ǫE [u (c (0; θ) , h (0; θ))] . ?MNA
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dγ
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*#%(&,#* &+ %3# $!)$#5%& + )#, / (+* $3 /$ %3(%

dc
dquc+

dh
dq uh =

(

−∂x
∂q

)

uc0 9(;&+8 %3# *#"&4(%&4#  .

?MNA /&%3 "#$-#5% % q7 (+* !$&+8

dc
dquc +

dh
dq uh =

(

−∂x
∂q

)

uc7 /#  )%(&+L

E [uc (c (q; θ)− ǫγ (q) , h (q; θ))]

(

−ǫ
dγ

dq

)

+ E

[

uc (c (q; θ)− ǫγ (q) , h (q; θ))

(

−
∂x

∂q

)]

= (1− ǫ)E

[

uc (c (q; θ)− ǫγ (q) , h (q; θ))

(

−
∂x

∂q

)]

.

P#(""(+8&+8 (+* %(;&+8 %3# ,&'&% ǫ → 0 6&#,*$L

dγ

dq
= lim

ǫ→0

E
[

uc (c (q; θ)− ǫγ (q) , h (q; θ))
(

−∂x
∂q

)]

E [uc (c (q; θ)− ǫγ (q) , h (q; θ))]
=

E
[

uc (c (q; θ) , h (q; θ))
(

−∂x
∂q

)]

E [uc (c (q; θ) , h (q; θ))]
.
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dc
dq 1()

dh
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−∂x
∂q = (p(0)− p(1))m(q; θ):  " '/$1+(;

dγ

dq
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[
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E [uc]
(p(0)− p(1))m(q; θ)

]
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"% 1("!$  # 1($ 1.$&1,$#1 9.")5 /(" 1&7$ )5 1($ 5."9.&, &#+ µAT  ! 1($ "-!$.:$+ ,$&# "% 1("!$

/(" 1&7$ )5 1($ 5."9.&,  # 1($ 0"#1."* 9.")52 R( ! ' $*+!T

XY



µTC =
(πC + πAT )µTT − πATµAT

πC
.
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6)*%* µCN 7*/,(*1 ()* ,41*%3*7 "*$/ ,+ x $",/2 (),1* !/ ()* .,/(%,# 2%,-0 6), 7, /,( ($8* -0
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F g
x (x|φg, µg, νg) = φg + (1− φg)LOGN (x|µg, νg) for g ∈ {TC,CC,AT,NT}

6)*%* LOGN (x|µ, ν) !1 ()* EF@ ,+ $ #,2</,%"$# 7!1(%!4-(!,/ 6!() "*$/ $/7 3$%!$/.* 0$%$"*(*%1'
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#,((*%& (!.8*(1' $/7 ()*%*+,%* *1(!"$(* HI 0$%$"*(*%1L9
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f
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F( #0"$0+75 1/ 03( /!%,(" 17 0+29(0# $/- "(&1"0 F(+430(- $*("$4(# 17 03( "(#!'0# "$03(" 03$/ +/2'!-(

+/-+2$01" *$"+$,'(# 71" 03( /!%,(" 17 0+29(0#) $# +/ 8+/9('#0(+/ (0 $'; <=>?=@ A=BCO F( 03!# $''1F 03(

(6(20# 17 +/#!"$/2( 01 &10(/0+$''5 -+6(" ,5 /!%,(" 17 0+29(0#; P(21/-) F( -1 /10 21/0"1' 71" F3+23

17 03( Q -+6("(/0 #!"*(5 F$*(# 03( -$0$ 21%( 7"1% $# +/ 8+/9('#0(+/ (0 $'; <=>?=@A=BC;

 !

E/- ./$''5)

F( -1 /10 !&:F(+430 03( #!,#$%&'( 17 +/-+*+-!$'# +/ 03( +/0(/#+*(:71''1F:!& #!"*(5 $"%; E# #31F/

+/ 21'!%/ III) 03(#( -(*+$0+1/# -1 /10 %($/+/47!''5 $6(20 03( "(#!'0#;

8+/$''5) 21'!%/ IR "(&1"0# 03( "(#!'0# !#+/4 1!" #!,#$%&'( $/- 1!" (#0+%$0+/4 (G!$0+1/) $-S!#0:

+/4 03( T"$FU 1!0:17:&129(0 -$0$ $# -(#2"+,(- +/ P(20+1/ K; P&(2+.2$''5) F( (#0+%$0( 03( -+#0"+,!0+1/

17 1!0:17:&129(0 #&(/-+/4 ,5 .00+/4 03( -+#0"+,!0+1/ -(#2"+,(- $,1*() #(0 1!0:17:&129(0 #&(/-+/4 01

L("1 71" 03( +/#!"(-) $/- +%&1#( $ 2(+'+/4 1/ 1!0:17:&129(0 #&(/-+/4 71" 03( !/+/#!"(-; V$0!"$''5)

03(#( $-S!#0%(/0# 1/'5 $6(20 03( (#0+%$0(- (6(20 17 M(-+2$+- 1/ 1!0:17:&129(0 #&(/-+/4;

 "

 !" #$%&'(&)*+*&, &- .$/-01$ $2$%+) *, +3$ %&'(/$+$4*,-&1'0+*&, 0((1&0%3

D1 &"1*+-( +/#+430# +/01 03( -"+*("# 17 03( (#0+%$0(# 17 γ (1) +/ (G!$0+1/ <K@) F( -(21%&1#( γ(1) =

γC + γM ) F3("( γC -(/10(# 03( F('7$"( 21%&1/(/0 $##12+$0(- F+03 03( (6(20# 17 03( &"14"$% 1/

21/#!%&0+1/ $/- γM 03( 21%&1/(/0 -!( 01 23$/4(# +/ 3($'03; N( 2$/ 03(/ 1,0$+/ $/ +%&'+2+0

(J&"(##+1/ 71" γC + γM 03$0 +# +/ 0("%# 17 21/#!%&0+1/ $/- 3($'03W

 !

 !"#$%#&'( #$' )!$' *%+,-.& &! /#0*.' %0 !-$ '(&%)#&'( !1 &/' *%(&$%2-&%!0#. %)3#,& !1 4'*%,#%* !0 !-&5!153!,6'&

(3'0*%07 8#0*9 /'0,'9 ,!0(-)3&%!0:9 (! ;' (&$#&%1< 2< &%,6'& (%=' %0 &/' #0#.<('( !1 '>',&( !0 *%(&$%2-&%!0(? @' *!

&/' (#)' &/%07 1!$ !-$ )'#0 '(&%)#&'( 1!$ ,!0(%(&'0,<?

 "

A&#$&%07 1$!) &/' $#; *#&# %0 ,!.-)0 BBB9 %)3!(%07 &/' C&&'* *%(&$%2-&%!0 /#( "'$< .%&&.' '>',& 8&/' '(&%)#&'*

%)3#,& !1 4'*%,#%* !0 !-&5!153!,6'& (3'0*%07 ,/#07'( 1$!) 5DEFG &! 5DEFH:? B)3!(%07 &/#& &/' %0(-$'* /#"' ='$! !-&5

!153!,6'& (3'0*%07 $#%('( &/%( '(&%)#&' &! 5DIGF9 #0* 1$!) &/'$' &/' %)3!(%&%!0 !1 &/' ,#3 !0 !-&5!153!,6'& (3'0*%07

!1 ȳ − cfloor $'*-,'( &/' '(&%)#&' &! DFJH9 7%"'0 !-$ 2#('.%0' ,!0(-)3&%!0 K!!$ !1 DL9MMM?

B>



E [u (c (0; θ) , h (0; θ))] = E [u (c (1; θ)− γC − γM , h (1; θ))] .  !"#

$%&'( )*' +,,%)%&' -'.+/+0%1%)2 34 )*' 5)%1%)2 45(6)%3(7 8' 6+( '-)%9+)' γC :5-) 0+-', 3( )*' 63(;

-59.)%3( )'/9 %( )*' 5)%1%)2 45(6)%3(<

E

[

c (0; θ)1−σ

1− σ

]

= E

[

(c (1; θ)− γC)
1−σ

1− σ

]

,  !=#

+(, 6+1651+)' γM 4/39 35/ '-)%9+)'- 34 γ(1) +(, γC 5-%(> )*' %,'()%)2<

γM = γ(1)− γC .  ?@#

A4 635/-'7 ,5' )3 )*' 65/&+)5/' 34 )*' 5)%1%)2 45(6)%3(7 )*' 3/,'/ 34 3.'/+)%3(- 6+( 9+))'/B

C' 6+( 45/)*'/ ,'639.3-' )*' 8'14+/' 639.3('()- +--36%+)', 8%)* 63(-59.)%3( 'D'6)-  γC#

+(, 'D'6)- 3( *'+1)*  γM # %()3 + )/+(-4'/ +(, + .5/';%(-5/+(6' 639.3('()B C' '-)%9+)' )*'

63(-59.)%3( )/+(-4'/ )'/9  γC,Transfer# +- )*' 9'+( %(6/'+-' %( 63(-59.)%3( ,5' )3 )*' ./3>/+9

-3 )*+)

γC,Transfer = E[c (1; θ)− c(0; θ)].  ?E#

F*' .5/';%(-5/+(6' 639.3('() 3.'/+)%(> )*/35>* 63(-59.)%3(  γC,Ins# %- )*'(<

γC,Ins = γC − γC,Transfer.  ?!#

G2 -50-)%)5)%(> )*' *'+1)* ./3,56)%3( 45(6)%3(  'H5+)%3(  !## %()3 )*' ,'I(%)%3( 34 γ  'H5+)%3(

 ?##7 8' 6+( -%9%1+/12 ,'639.3-' )*' 8'14+/' 639.3('()- ,5' )3 'D'6)- 3( *'+1)* (γM # %()3 +

)/+(-4'/ 639.3('() (γM,Transfer) +(, +( %(-5/+(6' 639.3('() (γM,Ins)B C' '-)%9+)' )*' )/+(-4'/

639.3('() %( *'+1)* (γM,Transfer) 02<

E

[

c (0; θ)1−σ

1− σ
+ φ̃h̃ (E[m(0; θ)]; θ)

]

= E

[

(c (1; θ)− γC − γM,Transfer)
1−σ

1− σ
+ φ̃h̃ (E[m(1; θ)]; θ)

]

-3 )*+) γM,Transfer %- )*' +,,%)%3(+1 8'14+/' 0'('I) 43/ )*' *'+1)* %9./3&'9'()- )*+) 8351, 639'

8%)* +( +&'/+>' %(6/'+-' %( 9',%6+1 -.'(,%(> ,5' )3 )*' ./3>/+9B J../3K%9+)%(> )*%- *'+1)*

%9./3&'9'() 02 E
[
dh̃
dm

]

E [m(1; θ)−m(0; θ)]7 8' %9.1'9'() )*%- 6+1651+)%3( 34 γM,Transfer +- )*'

-315)%3( )3<

E

[

c (0; θ)1−σ −
(

c (1; θ)− γC − γM,Transfer

)1−σ

1− σ

]

= φ̃E
[

h̃ (E[m(1; θ)]; θ)− h̃ (E[m(0; θ)]; θ)
]

= φ̃E

[

dh̃

dm

]

E [m(1; θ)−m(0; θ)] .  !!"

LE



 !"#$"%&'( %)&* +,$"%&-' .+,$&.+* "' +*%&/"%+ -0 E
[
dh̃
dm

]

1 %)+ *#-2+ -0 %)+ )+"#%) 2.-3$4%&-' 0$'4%&-'

5+%6++' m(1; θ) "'3 m(0; θ)1 "!+."(+3 -!+. "## *%"%+* -0 %)+ 6-.#37 8+ +*%&/"%+

dh̃
dm $*&'( "'

"22.-"4) 3+*4.&5+3 &' 9+4%&-' :7; "5-!+1 "'3 %)+' %"<+ &%* +=2+4%"%&-' )+.+7 >&'"##?1 %)+ 2$.+@

&'*$."'4+ 4-/2-'+'% -2+."%&'( %).-$() )+"#%) (γM,Ins) &* (&!+' 5?A

γM,Ins = γM − γM,Transfer. BC:D

 !" #$%&'()*+$% (,-&'., /.$( *0, #12

 !"! !#$ %!&'() E)+ F G 4-'*&*%* -0 " *+.&+* -0 *)-.% 2"'+#*7  "4) H4-'*$/+. $'&%I BFJD

&* &'%+.!&+6+3 +!+.? C /-'%)* -!+. K 4"#+'3". ,$".%+.*7 L' %)+ &'&%&"# &'%+.!&+61 &'0-./"%&-' &*

4-##+4%+3 -' 3+/-(."2)&4 "'3 0"/&#? 4)"."4%+.&*%&4* "'3 -' %)+ 4-'*$/+. $'&%M* &'!+'%-.? -0 /"N-.

3$."5#+ (--3*7  =2+'3&%$.+ &'0-./"%&-' &* 4-##+4%+3 &' %)+ *+4-'3 %).-$() %)+ O0%) &'%+.!&+6*

$*&'( $'&0-./ ,$+*%&-''"&.+*7 L'4-/+ "'3 +/2#-?/+'% &'0-./"%&-' &* 4-##+4%+3 &' %)+ *+4-'3 "'3

O0%) &'%+.!&+6*7

P$. *"/2#+ &'4#$3+* "## FJ* &' QRRS@;TQT 6)- )"!+ !"#&3 +=2+'3&%$.+ 3"%" &' "## : ,$".%+.*

B&7+71 2-*&%&!+ %-%"# +=2+'3&%$.+ "'3 '-'@'+("%&!+ /+3&4"# +=2+'3&%$.+D "'3 '-'@/&**&'( &'4-/+

3"%"7 E- 5+ 5.-"3#? 4-'*&*%+'% 6&%) %)+ P.+(-' *"/2#+1 6+ 0$.%)+. #&/&% %)+ "'"#?*&* %- "3$#%*

"(+3 QR@S: 6)- ".+ 5+#-6 QTTU -0 %)+ 0+3+."# 2-!+.%? #&'+7 8+ /+"*$.+ &'*$."'4+ *%"%$* q "% %)+

*%".% -0 %)+ *$.!+?1 .+(".3#+** -0 6)+%)+. -. '-% %)+ &'3&!&3$"# -5%"&'* &'*$."'4+ #"%+. &' %)+ ?+".

B.+*$#%* ".+ ,$&%+ *&/&#". &0 6+ $*+ 4-'4$..+'% &'*$."'4+ *%"%$*D7 V+4"$*+ %)+ F G -'#? .+,$+*%*

&'0-./"%&-' -' %)+ )+"#%) &'*$."'4+ *%"%$* -0 %)+ )-$*+)-#3 )+"31 6+ .+*%.&4% %)+ *"/2#+ %- *&'(#+

"3$#%* 6&%) '- 4)&#3.+' &' %)+ )-$*+)-#31 *- %)"% 6+ 4"' &3+'%&0? %)+ &'3&!&3$"#* 6)- ".+ &'*$.+3

"'3 $'&'*$.+37 8+ 4-'!+.% "## 3-##". "/-$'%* %- ;TTR@3-##".*1 "'3 &/2-*+ "' "''$"# 4-'*$/2%&-'

W--. B"#%)-$() &' 2."4%&4+ %)+ 5"*+#&'+ 4-'*$/2%&-' W--. -0 XQ1TTT '+!+. 5&'3*D7

*)!%+,-#. "/) 01#%+&'"-1# 012!,-!#0) 8+ -5*+.!+ %).++ !".&"5#+*A .+2-.%+3 4-'*$/2%&-'1

ĉ1 .+2-.%+3 -$%@-0@2-4<+% /+3&4"# *2+'3&'(1 x̂1 "'3 "' &'3&4"%-. 0-. &'*$."'4+ *%"%$*1 i ∈ {0, 1}7 8+

6&*) %- +*%&/"%+

Cov

(
c−σ

E [c−σ]
, x|i = 0

)

,

6)+.+ c "'3 x ".+ "4%$"# 4-'*$/2%&-' "'3 -$%@-0@2-4<+% /+3&4"# *2+'3&'( 0-. %)-*+ 6&%)-$% 0-./"#

&'*$."'4+1 i = 07 E"5#+ Y7C 2.+*+'%* %)+ .+*$#%* 0-. -$. 5"*+#&'+ *2+4&O4"%&-' "'3 0-. "#%+.'"%&!+

3+O'&%&-'* -0 4-'*$/2%&-'1 c7 >-. 5-%) %)+ &'*$.+3 "'3 $'&'*$.+31 6+ 4-/2$%+ c−σ
$*&'( σ = 3

"'3 %)+' 4-/2$%+ %)+ 4-!".&"'4+ 5+%6++' c−σ
"'3 -$%@-0@2-4<+% /+3&4"# *2+'3&'(1 x1 '-./"#&Z+3

5? %)+ /+"' !"#$+ -0 c−σ, E [c−σ]7

Y* E"5#+ Y7C &##$*%."%+*1 %)+*+ 4-!".&"'4+* 0-. %)+ $'&'*$.+3 ".+ '+("%&!+ "4.-** "## -0 -$.

*2+4&O4"%&-'*7 Y#%)-$() %)+*+ .+*$#%* 3- '-% &'4#$3+ "'? 4-'%.-#*1 %)&* '+("%&!+ 4-!".&"'4+ 2+.*&*%*

+!+' "0%+. 4-'%.-##&'( 0-. " .&4) *+% -0 4-!".&"%+* &'4#$3&'( 5-%) %&/+@&'!".&"'% 3+/-(."2)&4* "'3

%&/+@!".?&'( 0"4%-.* #&<+ &'4-/+ "'3 6+"#%)1 "* 6+## "* &'4#$3&'( 4-'*$/+.@$'&% O=+3 +[+4%* B.+*$#%*

K;



 !" #$!% &' (!%)*)+, -# .- /) #)) 0 1-/2) 3'4, "$) .!*-+0- .) 0# 5!+)  )6-"0*) 7!+ "$) 0 #8+)9'

:) 0 7)+ 7+!5 "$0# "$-" "$) /-#0. ;+!/2)5 0# "$-" #)27<+);!+")9 .! #85;"0! - 9 $)-2"$ #;) 90 6

5-=  !" )>8-2 "$) -."8-2 .! #85;"0! - 9 $)-2"$ #;) 90 6' :) !8"20 ) - 5!9)2 "$-" -22!%# 8# "!

.!++)." 7!+ 5)-#8+)5) " )++!+'

1$) .!+) 09)- /)$0 9 !8+ ;-+"0.82-+ 5)-#8+)5) "<)++!+ 5!9)2 0# "$-" 0 90*098-2# 5-= 50#+);!+"

"$)0+ !8"<!7<;!.?)" 5)90.-2 #;) 90 6' @7 !8+ 5!9)2 0# .!++)."2= #;).0A)9, "$) .!*-+0- .) /)"%)) 

!8"<!7<;!.?)" 5)90.-2 #;) 90 6 - 9 "$) 5-+60 -2 8"020"= !7 .! #85;"0! #$!829 /) B)+! 7!+ "$)

0 #8+)9' C 9)+ "$) -##85;"0! "$-" 5)-#8+)5) " )++!+ 0 !8"<!7<;!.?)" 5)90.-2 #;) 90 6 0# "$)

#-5) 7!+ "$) 0 #8+)9 - 9 8 0 #8+)9, %) 8#) "$) )#"05-")9 .!*-+0- .) ")+5 7!+ "$) 0 #8+)9 "! 0 7)+

"$) 05;-." !7 5)-#8+)5) " )++!+ ! "$) .!*-+0- .) ")+5 7!+ "$) 8 0 #8+)9'

D!+) 7!+5-22=, %) !/#)+*)  ! <5)90.-2 .! #85;"0! , ĉ, - 9 !8"<!7<;!.?)" 5)90.-2 #;) 90 6, x̂,

- 9 %0#$ "! 0 7)+ "$) .!*-+0- .) /)"%)) "$) 5-+60 -2 8"020"= !7 .! #85;"0! E !+5-20B)9 /= 0"#

-*)+-6)&,

c−σ

E[c−σ ]
, - 9 "+8) !8"<!7<;!.?)" 5)90.-2 #;) 90 6, x' ()+), !8+ ;+05-+= .! .)+ 0# 50#<

5)-#8+)5) " !7 !8"<!7<;!.?)" #;) 90 6, x' 1$)+)7!+), %) !;" "! -22!% 7!+ - -+/0"+-+= 78 ."0! -2

7!+5 ! "$) #$-;) !7 "$) 90#"+0/8"0! !7 "$0# 5)-#8+)5) " )++!+' @ ;-+"0.82-+, %) -##85)

x̂ = x+ ǫ

%$)+) ǫ 0# - 5)-#8+)5) "<)++!+ #$!.? "$-" 0# 9+-% 7+!5 - 90#"+0/8"0! %0"$ 8 ? !% 78 ."0! -2

7!+5 "$-", 05;!+"- "2=, 5-= /) .!++)2-")9 %0"$ "$) 5-+60 -2 8"020"= !7 .! #85;"0! '

:) 09) "07= "$) .!*-+0- .) ")+5 )*) 8 9)+ "$0# 7-0+2= 6) )+-2 5)-#8+)5) "<)++!+ #"+8."8+) /=

5-?0 6 "$+)) -##85;"0! #' F0+#", %) -##85) .! #85;"0! 0# 5)-#8+)9 %0"$!8" )++!+, ĉ = c, %$0.$

05;20)# "$-" "$) 5-+60 -2 8"020"= !7 .! #85;"0! 0# -2#! 5)-#8+)9 %0"$!8" )++!+' G).! 9, %) -##85)

"$-" "$) .!*-+0- .) !7 "$) 5-+60 -2 8"020"= !7 .! #85;"0! - 9 "$) 5)-#8+)5) " )++!+ 0# "$) #-5)

7!+ "$) 0 #8+)9 - 9 8 0 #8+)9' 1$0+9, %) -##85) "+8) !8"<!7<;!.?)" 5)90.-2 #;) 90 6 0# B)+! 7!+

"$) 0 #8+)9, #! "$-" x̂ = ǫ 7!+ "$) 0 #8+)9' 1$)#) -##85;"0! # %!829 /) #-"0#A)9 07 ǫ +)H).")9

.! #85;"0! !7 8 .!*)+)9 $)-2"$.-+) 7!+ /!"$ "$) 0 #8+)9 - 9 8 0 #8+)9 E)'6', !*)+<"$)<.!8 ")+

;-0 ?022)+#& - 9 "$)#) -+) .! #85)9 0 )>8-2 -5!8 "# /= /!"$ 6+!8;#'

C 9)+ "$)#) -##85;"0! #, "$) !/#)+*)9 .!*-+0- .) /)"%)) 

ĉ−σ

E[ĉ−σ ]
- 9 x̂ 7!+ "$) 0 #8+)9 ;+!*09)#

- )#"05-") !7 "$) /0-# 0 98.)9 /= 5)-#8+)5) " )++!+ %$) )#"05-"0 6 "$0# .!*-+0- .) 7!+ "$)

8 0 #8+)9' 1$) !/#)+*)9 .!*-+0- .) /)"%)) 

ĉ−σ

E[ĉ−σ ]
- 9 x̂ 0# "$) #85 !7 "$) "+8) .!*-+0- .) - 9

"$) 5)-#8+)5) "<)++!+ .!5;! ) "I

Cov

(
ĉ−σ

E [ĉ−σ]
, x̂|i = 0

)

= Cov

(
c−σ

E [c−σ]
, x|i = 0

)

+ Cov

(
c−σ

E [c−σ]
, ǫ|i = 0

)

.

C 9)+ !8+ "$+)) -##85;"0! #, %) .- 09) "07= "$) 5)-#8+)5) "<)++!+ .!5;! ) " 7!+ "$) 0 #8+)9I

Cov

(
c−σ

E [c−σ]
, ǫ|i = 0

)

= Cov

(
ĉ−σ

E [ĉ−σ]
, x̂|i = 1

)

.

() .), "$) "+8) .!*-+0- .) ")+5 7!+ "$) 8 0 #8+)9 0# 60*) /= "$) 90J)+) .) /)"%)) "$) !/#)+*)9

K4



 !"#$%#& ' (!$ )*' +&%&,+$'- #&- )*' %&,+$'-.

Cov

(
c−σ

E [c−σ]
, x|i = 0

)

= Cov

(
ĉ−σ

E [ĉ−σ]
, x̂|i = 0

)

− Cov

(
ĉ−σ

E [ĉ−σ]
, x̂|i = 1

)

. /012

3(  !+$,'4 )*%, %, !&' 5#$)% +6#$ 7!-'6 !( 7'#,+$'7'&) '$$!$4 #&- )*' )$+' 7'#,+$'7'&) '$$!$

 !+6- 8' !( # -%9'$'&) (!$7: ;+)4 !+$ #55$!# * *#, )*' #-"#&)#<' !( #66!=%&< (!$ #& #$8%)$#$>

,*#5' )! )*' +&?&!=& -%,)$%8+)%!& !( 7'#,+$'7'&) '$$!$ %& !+)@!(@5! ?') ,5'&-%&<4 ǫ4 #&- 6'#-,

)! #& %&)+%)%"' ',)%7#)%!& ,)$#)'<> !( +,%&< )*' ',)%7#)'-  !"#$%#& ' )'$7 (!$ )*' %&,+$'- /=*% *

,*!+6- 8' A'$!2 )! 5$!"%-' %&(!$7#)%!& #8!+) )*' )$+'  !"#$%#& ' )'$7:

B#86' C:0 ,*!=, )*' $',+6),: B#?%&< )*' -%9'$'& ' 8')=''& )*'  !"#$%#& ' ',)%7#)', (!$ )*'

%&,+$'- #&- +&%&,+$'-4 #, %66+,)$#)'- %& 'D+#)%!& /0124 >%'6-, #  !"#$%#& ' "#6+' !( EF1F %& )*'

8#,'6%&' ,5' %G #)%!&: H%"%-%&< 8> F )! (!$7 )*' 6%&'#$ #55$!I%7#)%!& )! )*' #"'$#<'  !"#$%#& '

"#6+' !"'$ q = 1 )! q = 04 =' *#"' # 5+$'@%&,+$#& ' "#6+' !( EJFK (!$ )*'  !&,+75)%!&@8#,'-

!5)%7%A#)%!& #55$!# * +,%&< )*' LMN -#)#4 #, %66+,)$#)'- %& B#86' F: B*%, ',)%7#)' %, 6#$<'6> ,%7%6#$

%( !&'  *!!,', #6)'$&#)%"' 7'#,+$', !(  !&,+75)%!&4 ,+ * (!!-4 '-+ #)%!&4 $'#-%&<4 '&)'$)#%&7'&)4

#&- 5'$,!&#6  #$' /L!6+7& OO24 #&- #66 &!&@*'#6)*  !&,+75)%!&4 'I 6+-%&< #6 !*!6 #&- )!8#  !

/L!6+7& OOO2:

 !" #$%&'( )*+,-.'/+0 1-0.'/+02 Eθ|θK

[
∂h̃
∂m

]

B! %756'7'&) )*' *'#6)*@8#,'- !5)%7%A#)%!& #55$!# *4 =' 7+,) ',)%7#)' )*' *'#6)* $')+$&, )!

7'-% #6 ,5'&-%&<  !&-%)%!&#6 !& 7'-% #6 ,5'&-%&<4 m: B! -! ,!4 =' +,' )*' P'-% #%- 6!))'$> #,

#& %&,)$+7'&) (!$ 7'-% #6 ,5'&-%&<: B!  #5)+$' *')'$!<'&'%)>4 =' #,,+7' -%9'$'& ', %& m  #& 8'

 #5)+$'- 8> -%9'$'& ', %& ,)#)' "#$%#86',4 θK 4 )*#)  !&,%,) !( 7'#,+$', !( G&#& %#6 #&- *'#6)* ,)#)',

($!7 #& %&%)%#6 ,+$"'> /G'6-'- ',,'&)%#66>  !& +$$'&)6> =%)* )*' 6!))'$>2: Q'  !&,)$+ ) # 8%&#$>

RG&#& %#6  !&,)$#%&)S "#$%#86' )*#) )#?', )*' "#6+' !( J %( )*' %&-%"%-+#6 $',5!&-'- #T$7#)%"'6> )!

#&> !( )*',' D+',)%!&,. /%2 =*')*'$ !$ &!) )*' %&-%"%-+#6 *#- )! (!$<! 7'-% #6 )$'#)7'&) 8' #+,'

!( G&#& %#6  !&-%)%!&, /%%2 =*')*'$ !$ &!) )*' %&-%"%-+#6 *#- )! (!$<! 5$', $%5)%!& -$+<, 8' #+,'

!( G&#& %#6  !&-%)%!&,4 #&- /%%%2 =*')*'$ !$ &!) )*' %&-%"%-+#6 =#, $'(+,'- 7'-% #6 )$'#)7'&) -+'

)! %&#8%6%)> )! 5#>: C55$!I%7#)'6> 0KU $'5!$) *#"%&< # G&#& %#6  !&,)$#%&) %& )*%, %&%)%#6 ,+$"'>:

Q'  !&,)$+ ) # 8%&#$> *'#6)* ,)#)' "#$%#86' )*#) )#?', )*' "#6+' J %( )*' %&-%"%-+#6 =#, 5$'"%!+,6>

-%#<&!,'- =%)* -%#8')',4 #,)*7#4 *%<* 86!!- 5$',,+$'4 '75*>,'7#4  !&<',)%"' *'#$) (#%6+$'4 !$

-'5$',,%!&: C55$!I%7#)'6> V1U $'5!$) *#"%&< # 7#W!$ *'#6)* -%#<&!,%, %& )*%, %&%)%#6 ,+$"'>: B*'

,)#)' "#$%#86', θK  !&,%,) !( (!+$ -+77> "#$%#86',4 '# * !( =*% *  !$$',5!&-, )! !&' !( )*' (!+$

"#6+', )*#) )*' %&)'$# )%!& !( )*' G&#& %#6 ,)#)' "#$%#86' #&- )*' *'#6)* ,)#)' "#$%#86'  #& )#?'

!&:

 !

X!$ '# * "#6+' !( )*' ,)#)' "#$%#86',4 =' ',)%7#)' )*' 'I5' )'- $')+$& )! 7'-% #6 ,5'&-%&<

+,%&< )*' 6!))'$> #, #& %&,)$+7'&) (!$ 7'-% #6 ,5'&-%&<:

B#86' C:F $'5!$), )*' ',)%7#)'- OY $',+6), !( )*' '9' ) !( 7'-% #6 ,5'&-%&< !& )*' *'#6)*

 !

 ! "#$!%$"&'( )!' %)*&+ *,' -)#' ./0! 1)*# ,.0.' 20#$03&',4 /)5'2'#( )*# ',.$-0.', 0#' 0&#'0+6 10$#&6 $-"#'%$,'

5$./ )!&6 1)*# ,.0.' 20#$03&', 0!+ 0++$.$)!0& 20#$03&', 5)*&+ 1*#./'# $!%#'0,' ./' 0&#'0+6 %)!,$+'#03&' !)$,' $! ./'

',.$-0.',7

1V



 !" #$%&'( )&!* *%+!% , %- %-+ -./&%-+* * %-$% %-+ 0$12+ &3  !*2'$!#+  * - 4-+' %& %-&*+ ,-& $'+

5&'+ #&!*%'$ !+"6 %-+ 78 +*% 5$%+* &3 %-+  5/$#% &3 5+" #$1 */+!" !4 &! -+$1%- $'+ 1$'4+*% 3&' %-&*+

, %- 9!$!# $1 #&!*%'$ !%* :#&125!* 777 $!" 78;( <&,+0+'6 $11 &3 &2' +*% 5$%+* $'+ 0+'.  5/'+# *+

$!" !&!+ $'+ *%$% *% #$11. " =+'+!% 3'&5 >+'&( ?&'+&0+'6 &!+ *-&21" @+$'  ! 5 !" %-$% &2' 5+$*2'+

&3 -+$1%-  * *+13A'+/&'%+"6 $!" &2' 5+$*2'+* &3 %-+ *%$%+ 0$' $@1+* $'+ B2 %+ #&$'*+(

 !" #$%&'()*'+$% $, −∂x/∂q -./% 0/1+*2+1 (/*+3+/%'& .24/ 3$&+'+4/ $)'5$,5

3$*6/' /73/%1+')(/&

C-+! $% 1+$*% *&5+ ?+" #$ " '+# / +!%* -$0+ *%' #%1. /&* % 0+ &2%A&3A/&#D+% */+!" !46 %-+ +E/'+** &!

3&' %-+ '+1$E$% &! &3 %-+ @2"4+% #&!*%'$ !% $% q = 1 @+#&5+*F

−
∂x

∂q |q=1

= p(0)m(1; θ)− p(1)m(1; θ).

G-+ *+#&!" %+'56 p(1)m(1; θ)6  * %-+ " *%' @2% &! &3 &2%A&3A/&#D+% */+!" !4 &3 %-+  !*2'+"6 ,- #-

 * 4 0+! @. %-+ " *%' @2% &! &3 &2%A&3A/&#D+% */+!" !4 @. %'+$%5+!% #&5/1 +'*( G-+ 9'*% %+'56

p(0)m(1; θ)6  * %-+ " *%' @2% &! &3 &2%A&3A/&#D+% */+!" !4 %-$% %-+ 2! !*2'+" ,&21" -$0+ -$"  3 %-+.

-$"  !#2''+" %-+ 5+" #$1 */+!" !4 &3 %-+  !*2'+"( C+ '+,' %+ %-+ +E/'+** &! 3&' %-+ '+1$E$% &! &3

%-+ @2"4+% #&!*%'$ !% $% q = 1 $*F

−
∂x

∂q |q=1

= p(0)m(0; θ)− p(1)m(1; θ) + p(0) (m(1; θ)−m(0; θ)) .

C+ +0$12$%+ %- * +E/'+** &! @. %$D !4 %-+ " =+'+!#+  ! %-+ " *%' @2% &!* &3 &2%A&3A/&#D+% +EA

/+!" %2'+* &3 #&!%'&1 #&5/1 +'* :p(0)m(0; θ); $!" %'+$%5+!% #&5/1 +'* :p(1)m(1; θ); $!" $"" %&

%- * %-+ /' #+ 3$#+" @. %-+ 2! !*2'+" % 5+* %-+ " =+'+!#+  ! %-+ " *%' @2% &!* &3 5+" #$1 */+!" !4

&3 %'+$%5+!% #&5/1 +'* 5 !2* #&!%'&1 #&5/1 +'* :p(0) (m(1; θ)−m(0; θ));( G-+ /' #+ 3$#+" @. %-+

2! !*2'+"  * #$1#21$%+" $* %-+ '$% & &3 5+$! &2%A&3A/&#D+% */+!" !4 %& 5+$! %&%$1 */+!" !4 3&' %-+

#&!%'&1 #&5/1 +'*( 7! %-+ #&!*%'2#% &! &3 " =+'+!#+*  ! " *%' @2% &!*6 ,+ $**25+ B2$!% 1+ *%$@ 1 %.(

7! &%-+' ,&'"*6 ,+ %$D+ %-+ " =+'+!#+  ! " *%' @2% &!* $**25 !4 $!  !" 0 "2$1 , %- $ 4 0+! θ %-$%

/2%* - 5 $% B2$!% 1+ r  ! %-+ #&!%'&1 #&5/1 +' " *%' @2% &! ,&21" -$0+ @++! $% B2$!% 1+ r  ! %-+

%'+$%5+!% #&5/1 +' " *%' @2% &!  3 -+ -$" @++!  ! %-+ %'+$%5+!% 4'&2/(

G-+ +E/'+** &! 3&' %-+ '+1$E$% &! &3 %-+ @2"4+% #&!*%'$ !% $% q = 0  * "+' 0+" $!$1&4&2*1.F

−
∂x

∂q |q=0

= p(0)m(0; θ)− p(1)m(0; θ).

G-+ 9'*% %+'56 p(0)m(0; θ)6  * %-+ " *%' @2% &! &3 &2%A&3A/&#D+% */+!" !4 &3 %-+ 2! !*2'+"6 ,- #-

 * 4 0+! @. %-+ " *%' @2% &! &3 &2%A&3A/&#D+% */+!" !4 @. #&!%'&1 #&5/1 +'*( G-+ *+#&!" %+'56

p(1)m(0; θ)6  * %-+ " *%' @2% &! &3 &2%A&3A/&#D+% */+!" !4 %-$% %-+  !*2'+" ,&21" -$0+ -$"  3 %-+.

-$"  !#2''+" %-+ 5+" #$1 */+!" !4 &3 %-+ 2! !*2'+"( C+ '+,' %+ %-+ +E/'+** &! 3&' %-+ '+1$E$% &!

&3 %-+ @2"4+% #&!*%'$ !% $% q = 0 $*F

HH



−
∂x

∂q |q=0

= p(0)m(0; θ)− p(1)m(1; θ) + p(1) (m(1; θ)−m(0; θ)) .

 ! !"#$%#&! &'() !*+,!))(-. /0 &#1(.2 &'! 3(4!,!.5! (. &'! 3()&,(/%&(-.) -6 -%&7-67+-51!& !*7

+!.3(&%,!) -6 5-.&,-$ 5-8+$(!,) 9p(0)m(0; θ): #.3 &,!#&8!.& 5-8+$(!,) 9p(1)m(0; θ): #.3 #33 &-

&'() &'! +,(5! 6#5!3 /0 &'! (.)%,!3 &(8!) &'! 3(4!,!.5! (. &'! 3()&,(/%&(-.) -6 8!3(5#$ )+!.3(.2

-6 &,!#&8!.& 5-8+$(!,) 8(.%) 5-.&,-$ 5-8+$(!,) 9p(1) (m(1; θ)−m(0; θ)):; <'! +,(5! 6#5!3 /0 &'!

(.)%,!3 () 5#$5%$#&!3 #) &'! ,#&(- -6 8!#. -%&7-67+-51!& )+!.3(.2 &- 8!#. &-&#$ )+!.3(.2 6-, &'!

&,!#&8!.& 5-8+$(!,);

 !" #$%&'&()*+ *, (-$ %)+$&. )+($./*%&()*+ &0012/()*+ ,*. dγ/dq

 !"#$% &#'$"& ()% '#&!*$+ *$%# =("!. -%, 3!>.(&(-. -6 p(q) ≡ qp(1) + (1 − q)p(0)? &'!

#))%8+&(-. &'#& &'! 3!8#.3 6-, 8!3(5#$ 5#,!? m, () $(.!#, (. +,(5! (8+$(!) &'#& &'! 3!8#.3 () #$)-

$(.!#, (. q. @!5#%)! &'! !8+(,(5#$ 3()&,(/%&(-. -6 8!3(5#$ 5#,! () 8!#)%,!3 (8+,!5()!$0? A! (.6!,

&'! 3()&,(/%&(-. -6 m(0; θ) /0 &'! 3()&,(/%&(-. -6 -%&7-67+-51!& !*+!.3(&%,! 3("(3!3 /0 &'! +,(5!

&'#& %.(.)%,!3 (.3("(3%#$) +#0 6-, 8!3(5#$ 5#,!? x(0; θ)/p(0)? A'!,! x(0; θ) 3!.-&!) &'! !8+(,(5#$

3()&,(/%&(-. -6 -%&7-67+-51!& )+!.3(.2 #8-.2 &'! %.(.)%,!3;  ! (.6!, &'! 3()&,(/%&(-. -6 8!3(5#$

5#,! 6-, &'! (.)%,!3 6,-8 &'! 3()&,(/%&(-. -6 8!3(5#$ 5#,! 6-, &'! %.(.)%,!3 /0 #))%8(.2 &'#&

!#5' +-(.& (. &'! 3()&,(/%&(-. )5#$!) %+ +,-+-,&(-.#$$0 &- &'! -"!,#$$ (.5,!#)! (. 8!3(5#$ 5#,! 3%!

B!3(5#(3 5-"!,#2!? E[m(1; θ)]/E[m(0; θ)]. <'%)? &'! 3()&,(/%&(-. -6 8!3(5#$ 5#,! 6-, &'! (.)%,!3 ()

2("!. /0C

E[m(1;θ)]
E[m(0;θ)]x(0; θ)/p(0); D)(.2 &'! #))%8+&(-. &'#& &'! 3!8#.3 6-, 8!3(5#$ 5#,! () $(.!#, (.

q? A! '#"!C

m(q; θ) = q
E(m(1; θ))

E(m(0; θ))
x(0; θ)/p(0) + (1− q)x(0; θ)/p(0). 9EF:

<'! 3()&,(/%&(-. -6 -%&7-67+-51!& )+!.3(.2 6-, !#5' "#$%! -6 q () 2("!. /0C

x(q; θ) = p(q)m(q; θ) = (1− q)p(0)m(q; θ),

A'!,! &'! $#&&!, !G%#$(&0 6-$$-A) 6,-8 &'! 6#5& &'#& B!3(5#(3 ,!5(+(!.&) 6#5! # H!,- +,(5! -6 8!3(5#$

5#,!? (;!;? p(1) = 0; I%/)&(&%&(.2 &'! !*+,!))(-. 6-, m(q; θ) (.&- &'() !G%#&(-. 0(!$3) &'! !*+,!))(-.

6-, -%&7-67+-51!& )+!.3(.2 &'#& A! %)! (. -%, (8+$!8!.&#&(-.C

x(q; θ) = (1− q)x(0; θ)

(

q
E(m(1; θ))

E(m(0; θ))
+ (1− q)

)

.

 ! %)! !G%#&(-. 9JK: &- (.6!, &'! 3()&,(/%&(-. -6 5-.)%8+&(-. 6,-8 &'! 3()&,(/%&(-. -6 -%&7

-67+-51!& )+!.3(.2; L,-8 &'! 3()&,(/%&(-. -6 5-.)%8+&(-.? A! 5#$5%$#&! &'! 3()&,(/%&(-. -6 &'!

8#,2(.#$ %&($(&0 -6 5-.)%8+&(-. %)(.2 uc = (c (q; θ)− γ(q))−σ
;  ! 5#$5%$#&! &'! 3()&,(/%&(-. -6 &'!

8#,2(.#$ ,!$#*#&(-. -6 &'! /%32!& 5-.)&,#(.&? −∂x/∂q = (p(1) − p(0))m(q; θ)? 6-, !#5' "#$%! -6 q

/0 )%/)&(&%&(.2 (. &'! !*+,!))(-. 6-, &'! 3!8#.3 -6 8!3(5#$ 5#,! 9!G%#&(-. 9EF:: #.3 .-&(.2 &'#&

MF



p(1) = 0 !"#$ %#&'($)

−
∂x

∂q
= x(0; θ)

(

q
E(m(1; θ))

E(m(0; θ))
+ (1− q)

)

*& +"&, -$& +"& (#$+.#/-+#0,$ 01 20,$-34+#0, 5,( +"& 35.6#,5' .&'575+#0, 01 +"& /-(6&+ 20,8

$+.5#,+ +0 25'2-'5+& dγ/dq 5+ &52" 95'-& 01 q)

dγ

dq
(q) = E

[
uc

E [uc]

(

−
∂x

∂q

)]

= E

[
uc

E [uc]

(

x(0; θ)

(

q
E(m(1; θ))

E(m(0; θ))
+ (1− q)

))]

,

5,( $0'9& +"#$ (#:&.&,+#5' &;-5+#0, -$#,6 <#25.(=$ 3&+"0( +0 0/+5#, γ(1) >0'-3, ?@A #, !5/'& B

4.&$&,+$ +"& .&$-'+$ 

 !!"# $%&'( )%# γ(1) )%# *#$+,#*#- )&'.,+%'*/ )%#0 %) ,1" ("0*'( )%# 0"(+.*/ .*#"

C5+"&. +"5, 5$$-3#,6 +"5+ (&35,( 10. 3&(#25' 25.& #$ '#,&5. #, 4.#2&D E& ,0E 5''0E 5,% 1-,2+#0,5'

10.3 10. +"& (&35,( 10. 3&(#25' 25.& 5,( F,( +"& 1-,2+#0,5' 10.3 +"5+ 357#3#G&$ γ(1) *&

5''0E 10. 5./#+.5.% ?,0,845.53&+.#2A 1-,2+#0,5' 10.3$ 10. +"& (&35,( 10. 3&(#25' 25.& E#+" +"&

.&$+.#2+#0, +"5+ (&35,( 5+ 95'-&$ 01 q ∈ (0, 1) 3-$+ '#& $03&E"&.& /&+E&&, (&35,( 5+ q = 0

5,( 5+ q = 1 H4&2#F25''%D E& (&F,& +"& (#$+.#/-+#0, 01 3&(#25' 25.& 5+ #,$-.5,2& '&9&' q +0 /&

$03& '#,&5. 203/#,5+#0, 01 +"& (#$+.#/-+#0, 01 3&(#25' 25.& 5+ q = 0 5,( 5+ q = 1, E"&.& +"&$&

(#$+.#/-+#0,$ 5.& 6#9&, /% ?IJA K0.35''%D +"& (#$+.#/-+#0, 01 3&(#25' 25.& 5+ #,$-.5,2& '&9&' q #$

6#9&, /% m̂(λ(q); θ) = λm(0; θ) + (1− λ)m(1; θ) 10. $03& λ(q) ∈ [0, 1] 

!"& (#$+.#/-+#0, 01 0-+8018402L&+ $4&,(#,6 10. &52" 95'-& 01 q 5,( λ #$ 6#9&, /% p(q)m̂(λ(q); θ) =

(1 − q)p(0)m̂(λ(q); θ). *& -$& &;-5+#0, ?MNA +0 #,1&. +"& (#$+.#/-+#0, 01 20,$-34+#0, 1.03 +"&

(#$+.#/-+#0, 01 0-+8018402L&+ $4&,(#,6O E& (&,0+& +"& .&$-'+#,6 20,$-34+#0, '&9&' /% ĉ(λ(q); θ). K.03

+"& (#$+.#/-+#0, 01 20,$-34+#0,D E& 25'2-'5+& +"& (#$+.#/-+#0, 01 +"& 35.6#,5' -+#'#+% 01 20,$-34+#0,

-$#,6 uc = (ĉ (λ(q); θ)− γ(q))−σ
 *& 25'2-'5+& +"& (#$+.#/-+#0, 01 +"& 35.6#,5' .&'575+#0, 01 +"&

/-(6&+ 20,$+.5#,+ 5$ −∂x/∂q = p(0)m̂(λ(q), θ) 

*& $&5.2" 10. +"& 95'-& 01 λ(q) ∈ [0, 1] +"5+ 357#3#G&$ dγ/dq 5+ &52" 95'-& 01 q)

dγ

dq
(q) = max

λ(q)
E

[
uc

E [uc]

(

−
∂x

∂q

)]

= max
λ(q)

E

[

(ĉ (λ(q); θ)− γ(q))−σ

E
[
(ĉ (λ(q); θ)− γ(q))−σ] (p(0)m̂(λ(q), θ))

]

.

*& $0'9& +"#$ (#:&.&,+#5' &;-5+#0, -$#,6 <#25.(=$ 3&+"0( +0 F,( +"& -44&. /0-,( 10. γ(1) >0'-3,

?@PA #, !5/'& B 4.&$&,+$ +"& .&$-'+$ 

QR
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